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�   Introduction
A rational number can be expressed as a fraction  p⁄q, where 

p and q are integers. An irrational number α is a real num-
ber that is not a rational number. In practical applications, α 
is often approximated by a rational number. As an example, 
the ratio of a circle’s circumference to its diameter is an irra-
tional number, π=3.14159265… Some rational approximations 
discovered in early history are 25⁄8 (Babylonian, 19th century 
B.C.), 22⁄7 (Archimedes, 3rd century B.C.), 377⁄120 (Ptolemy, 
2nd century A.D.), 3927⁄1250 (Liu Hui, 3rd century A.D.) and 
355⁄113 (Zu Chongzhi, 5th century A.D.).¹

Many rational approximations exist for α, but what is the 
“best” approximation? Conventionally, the best approximation 
is derived algebraically using continued fractions.² A drawback 
of this approach is that it uses one arithmetic equation after 
another, and the reader may lose sight of where the equations 
are leading. Inspired by the ideas by Irwin and Davenport,³,⁴ 
this paper takes a geometric approach to provide a geometric 
interpretation of the best approximation and connect the ideas 
of the best approximations and simple continued fractions. The 
geometric treatment may be of some help by providing more 
clear mathematic intuition.

Definition of Best Approximation:
Define p⁄q to be the best rational approximation of α if,
|p-αq|<|p'-αq'| (1)
for any p'⁄q'≠p⁄q with 0<q'≤q. One may replace (1) with 
|p ⁄ q-α|<|p' ⁄ q'-α| (2)
The inequality in (2) can be rewritten as

which is equivalent to adding a weight (q or q') to the metric 
(|p-αq| or |p'-αq'|) used in (1). We claim that (2) is weak-
er than (1) in the sense that some approximation p⁄q may be 
qualified as a best rational approximation, not because |p-αq| 
is the smallest, but because q is large. A best approximation 
under (1) is always a best approximation under (2), but the 
reverse is not true. Consider an example of approximating π. 
The best approximations under (1) are

which are a subset of those under (2) given by

Not only the definition of (1) is stronger, it also nicely con-
nects to continued fractions, as explained later. Next,  we next 
focus on the definition (1).

A Geometric Interpretation:
Consider a coordinate plane on which lattice points (q,p) 

are defined for all integers q,p. Imagine standing at the ori-
gin of the plane and shooting out a ray whose slope is α. For 
the sake of showing the geometric property, we assume α>0. 
The ray goes into the first quadrant, as depicted in Figure 1. 
Because the slope is irrational, the ray will not hit any lattice 
point. A lattice point is a rational approximation of α where 
the horizontal axis (q) represents the denominator and the 
vertical axis (p) is the numerator. The vertical distance of every 
point (q,p) to the ray is |p-αq|.

As the ray travels, i.e., as q increases, keep track of the best 

approximations as the lattice points closest to the ray: p_0⁄q_0 
,p_1⁄q_1 ,… By definition, of the very first best approxima-
tion, q_0=1. Given  p_0⁄q_0 , where will p_1⁄q_1  be?
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Figure 1: Definition of best approximation.

RESEARCH ARTICLE

 ijhighschoolresearch.org



 72 DOI: 10.36838/v3i5.13

Suppose that p_0<α (the case of p_0>α can be addressed 
similarly). p_0+1>α. As depicted in Figure 2, draw two lines 
from the origin to (1,p_0 ) and (1,p_0+1) respectively. By defi-
nition, (q_1,p_1 ) cannot be in the two grey closed areas in the 
following figure. The remaining points on the plane are the 
lattice formed by i(1,p_0 )+j(1,p_0+1) with positive integers i,j.

Denote O=(0,0), A=(1,p₀), B=(2,2p₀+1), C=(1,p₀+1). Draw 
parallelogram OABC. Since p₀, not p₀+1, is the best approxi-
mation, it follows that (p₀+1)-α>α-p₀. Thus, 2α<2p₀+1. The ray 
intersects the line segment AB and meets the extension of the 
line segment CB at Z. Denote X the farthest lattice point on 
the extension of CB before Z. We claim the following.

Lemma 1. X is (q₁,p₁).
Proof. We must show two statements:
1. The vertical distance of X to the ray is the smallest for 

any point whose horizontal coordinate does not exceed that 
of X, and

2. There is no best approximation between A and X.
X is the closest to the ray among all the lattice points on 

CB and its extension before Z. To show the first statement, 
it suffices to note that X is closer to the ray than A is because 
XZ∥OA and |XZ|<|OA|. The second statement holds because 
for another lattice point on CB and its extension before Z, say 
Y, YZ∥OA and |YZ|>|OA|.     
From the above construction of (q₁,p₁), the following corol-
lary can be immediately obtained.

Corollary 2. If p₀ ⁄ q₀  is a lower best approximation, then p₁ ⁄ 
q₁ is an upper one.

We can apply a similar construction to locate any subse-
quent pn ⁄ qn as depicted in Figure 3. 

Specifically, start from A=(qⁿ-2,pⁿ-2 ) and C=(qⁿ-1,pⁿ-1 ), 
where one of them (say A) is a lower and the other one, C, 
is an upper best approximation. Thus, pⁿ-1-αqⁿ-1<αqⁿ-2-pⁿ-2. 

Denote B=(qⁿ-2+qⁿ-1,pⁿ-2+pⁿ-1 ). (qⁿ,pⁿ) cannot be in the two 
grey closed areas in the figure. Draw parallelogram OABC. 
The ray intersects the line segment CB because α(qⁿ-2+qⁿ-1 )>pⁿ-
2+pⁿ-1, and meets the extension of the line segment AB at Z. 
Denote X the farthest lattice point on the extension of AB be-
fore Z. In the figure, X happens to be the same as B. This is not 
necessarily true in general. 

Theorem 3. X is (qⁿ,pⁿ ). 
Theorem 1 can be proved similarly to Lemma 1. As expected 
from Corollary 1, (qⁿ,pⁿ ) is a lower best approximation. 

Putting the above steps together, Figure 4 illustrates the first 
four best approximations of some α with 0<α<1/2 and the par-
allelograms used to construct them.

Connection of Best Approximation and Continued Fractions:
Let us return to the construction of (qⁿ,pⁿ ). Recall that 

Z is the intersection of the extension of AB and the ray. The 
coordinates of Z are given by (qⁿ-2+zⁿqⁿ-1,pⁿ-2+zⁿpⁿ-1) where zⁿ 
is a positive real number satisfying  

     (3)

Moreover, because X is the farthest lattice point on the AB 
and its extension before Z, we have the following recurrence 
relation,

(4)

where positive integer m_n is given by mn=[zn]. The exact ex-
pressions of m and thus (qn,pn ) can be obtained via simple 
continued fractions, as explained next.

The idea of simple continued fractions works as follows. 
Write

       α=[α]+α1.

This procedure repeats and leads to an expression of the form

(5)

Note that αn≥1 for n≥1. Since α is irrational, the sequence 
of {αn} goes on forever. To obtain a rational approximation of 
α, we stop at some αn and set

Figure 2: Determination of (q₁,p₁).

Figure 3: Determination of (qn,pn). 

Figure 4: the first four best approximations of some α with 0<α<1/2. 
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(6)

are called convergents.

Lemma 4. Given a0,a1,…,aⁿ, hⁿ,kⁿ can be calculated recur-
rently as follows.

kⁿ=kⁿ-2+aⁿ kⁿ-1 ,hⁿ=hⁿ-2+aⁿ hⁿ-1,                                        (7)
with k0=1, h0=a0 , k1=a1 , h1=1+ a0 a1.

Proof. We prove this recurrence relation by induction. It is 
easy to verify that the relation holds for n=2. Assuming that it 
holds for n, we next examine the case of n+1

Hence, we have completed the induction step.  
The above recurrence relation of {hⁿ,kⁿ} (7) derived from 

simple continued fractions is strikingly similar to that of 
{pⁿ,qⁿ } (4) derived earlier from our geometric construction. 

Theorem 5. For n≥1

(8)

Proof. To prove (8), we use induction again. It is easy to 
verify the cases of n=1,2. Assuming that it holds for 3,…,n, 
we next examine the case of n+1. We rewrite α of (5) in the 
recurrence form similar to,

Comparison with our geometric construction (3) shows 
that

Therefore,

Furthermore, by the recurrence relations (4) and (5), we 
know that pⁿ+1=hⁿ+1,qⁿ+1=kⁿ+1. Hence, we have completed he 
induction step.      

In summary, what (8) in essence says is that for n≥1, every 
convergent is a best approximation and every best approx-
imation is a convergent. This result is quite remarkable 
in connecting best approximations and simple continued 
fractions. Note that if α₁>1/2, then h0/k0 =α0 is not a best ap-

proximation. Clearly the best approximation is α0+1. To avoid 
this complication, we ignore n=0 and focus on n≥1 in our 
statement. 
�   Conclusions
In this paper we present a geometric interpretation of best 

rational approximation of an irrational number, discover a few 
interesting properties, and connect best approximations and 
simple continued fractions.
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