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ABSTRACT: In X-ray crystallography and Coherent Diffraction Imaging, only the diffraction patterns’light density can be
directly measured, not its phase. The process of retrieving the phase is defined as the phase retrieval problem. In this project, I explore
a classic iterative approach for phase retrieval to apply to an XFEL simulator real space data. The conventional Gerchberg-Saxton
algorithm is modified and simulated. Two figures of merit are developed to quantify the algorithm’s performance. Convergence
time, initial phase, and noise sensitivity are evaluated. It is determined that the algorithm can be used to solve the phase problem
for XFEL applications.
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B Introduction (CDI), as shown in Figure 2.3 An object is illuminated by a
Since the 1950s, X-ray diffraction has been used to discover monochromatic coherent wave like an X-ray while the dif-
DNA structure and take pictures of microscopic objects. In the fracted intensity is measured at the diffraction plane. This is
past decades, scientists have managed to image macromolecu- also known as X-ray diffraction.
lar structures with orders of magnitude in the nanometers with <

the help of synchrotron light sources. These third-generation
synchrotron light sources have a diffraction limit in the X-ray
spectrum. However, scientists have encountered a new issue:

(Real Space)
\

Determining the structure and dynamics of proteins with or- \ '
ders of magnitude in the angstroms. Answering these questions L3 / :
requires X-ray free electron lasers (XFELs), a fourth-gener-
ation synchrotron light source capable of resolving proteins
within their natural time scale of a few femtoseconds.*
Scientists can currently measure the intensity of a two-di-
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Figure 1: Coherent diffractive imaging (CDI) setup.

mensional diffraction pattern by pointing an XFEL beam at The diffraction space at position h is a complex quantity Uh,
a protein or protein crystal. By rotating the crystal, multiple represented by magnitude |[Uh| and phase ®h:

diffraction patterns can be obtained and pieced into a three-di- Un = [Unlei®n Fauation 1

mensional image of the protein’s shape. A simple illustration of

the XFEL is shown in Figure 1. XFELs feature a short wave- where b = {x',y',z'} is a 3D vector in Fourier space.

length necessary for atomic-level measurement, an ultra-short With the Fraunhofer approximation, also known as far-field
time scale of a few femtoseconds to detect movement, and a approximation, the diffraction density I(x'y") is related to the
high brilliance to illuminate atomic particles, opening new op- 3D electron density of the object p(x,y,z) through the Fourier
portunities to probe the dynamics of ultrafast processes and Transform:

1(x',y") o |Upl? |fffl1(x, Y, 2)2’27” =5 dedydz

protein structure at the atomic level.? [ Equaton2

If the Fourier phase is known, the electron density map and,
Eiecton S e thus, the 3D structure of the sample can be obtained through
the inverse Fourier Transform as:

Electron Acceleralar

........... p@) = L[] UpeF2mhdn Equation 3

Figure 1: XFEL struct d the elect ti trum. . . .
g structure and the clectiomagnetic spectrum where V is the volume of the object cell and x = {x,y,z} is a

The coherent X-ray pulse produced by the XFEL in Figure 3D vector in real space.

1 can then be used to perform coherent diffractive imaging
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One of the main challenges CDI and XFEL encounter is
retrieving the phase, as the phase of the diffraction patterns
cannot be directly measured easily. If the phase is known,
scientists can determine the electron density of the protein
through a Fourier synthesis, equivalent to determining the
protein structure." The process of retrieving the phase @ is
defined as the phase retrieval problem.

It is well known that knowledge of the Fourier phase is cru-
cial in recovering an object from its Fourier transform.* Often,
the Fourier phase contains more important information than
its magnitude. An experiment to illustrate this is conducted in
Figure 3. Two images (an astronaut and a soldier) are Fourier
transformed. Their Fourier phases are swapped before being
inversely Fourier transformed back into the image plane. It is
clear that the Fourier phase contains a significant amount of
information about these images. The observation holds true in
coherent diffractive imaging and similar applications.
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Figure 3: The importance of the Fourier phase.

To retrieve the phase, numerous phase retrieval techniques
have been developed over the past decades, including direct
methods,” iterative methods,®” and, more recently, deep learn-
ing methods.®

The Gerchberg-Saxton (GS) algorithm is one of the popular
iterative methods used for phase retrieval in many applications
over decades. It can be categorized as one of the alternating
projection methods. The GS algorithm only sometimes guar-
antees full convergence, as it can stagnate near the closest
local minimum.” This limitation can be partially attributed
to the non-convexity of the Fourier magnitude constraint.'>"
Recently, progress has been made in giving theoretical conver-
gence certificates.'>"

In this paper, we intend to investigate the effectiveness of a
classic iterative phase retrieval algorithm for XFEL applica-
tions. We also wish to examine whether measurement errors
like apparatus noise would affect the algorithm’s effectiveness
and to what extent. Finally, two objective figures of merit are
proposed to evaluate the GS algorithm’s performance.

B Methods

The commonly used Gerchberg-Saxton (GS) phase retriev-
al algorithm is depicted in Figure 4.° It is one of the numerous
phase retrieval techniques developed over the past decades.
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Figure 4: The Gerchberg-Saxton (GS) algorithm procedure.

The GS algorithm aims to retrieve phase from two intensity
measurements: ||io|? is the intensity from real space, and [Up|?
is the intensity from Fourier space. The algorithm uses the fol-
lowing steps to recover the complex-valued distributions pej¥
in real space and Uej® in Fourier space:

(1)  Create an initial complex input by combining the
measured amplitude i, with a random phase o.

(2)  Perform a Fourier transform on the complex input
into Fourier space.

(3)  Obtain a complex pair of amplitude U and phase ®.

(4)  Impose a Fourier space amplitude measurement Uo
onto the transformed output Uej® in step (3), creating an up-
dated Fourier space distribution Uej®.

(5)  Perform an inverse Fourier transform back into real
space and get the complex value pejV¥.

(6)  Impose a real space amplitude measurement po onto
pejV in step (5), creating an updated real space distribution
Hoejy as an updated amplitude for the next iteration starting
again at step (1).

Only real space (time-domain) XFEL field data is available
in our research. Unfortunately, we don’t have the Fourier space
(frequency-domain) intensity data from the XFEL simulator.
Therefore, we modified the traditional GS algorithm accord-
ingly, as shown in Figure 5 below.
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Figure 5: Modified GS algorithm procedure.

The main difference stems from step (4): The Fourier trans-
form of the known input poejV is obtained as Uoej?® to serve
as the Fourier space measurement instead of the measured/
simulated Fourier space amplitude. Uo is used to replace U in
step (4) to continue the iteration process.

The performance of the modified GS algorithm in the
XFEL application is carried out in step (7) of Figure 5. To
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check the noise immunity and robustness of the algorithm,
noise is injected at the real space known input shown in Figure
5. More details of the noise experiment will be discussed in
Section Results and Discussion.

Although we conduct phase retrieval in real space (time
domain), the Fourier space phase is retrieved simultaneously
through our experiment. Therefore, time domain phase re-
trieval and frequency domain phase retrieval are equivalent.

H Introduction

Data Source:

The research’s input data comes from an XFEL emulator’s
output, as shown in Figure 6(a). Complex values of an electric
field are obtained in a 2-D plane and distributed across the
coordinates (xgrid, ygrid), xgrid € [0, 300], ygrid € [0, 300], at
a given time, as shown in Figure 6(b). Each grid unit represents
1.33pm by 1.33pum in real physical space. The field is measured
at a different time interval or the so-called n-slice number. The
E-field complex data in the form of a magnitude and phase
pair is used as input to our research setup shown on the left
side of Figure 5.
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Figure 6: Experiment setup (a) and electric field (b): magnitude (left) and
phase (right).

Phase Retrieval with Gaussian Beam and FEL.:
XFELs can be modeled as a sum of the Gaussian Beam
base function in time:?

i(wptro) k-

E(t) = XrAk-e 2%kt Equation 4

As the first step, the modified GS algorithm is used to check
the Gaussian Beam (4=1) and multimodal XFEL (4=4), whose
results are shown in the upper and lower halves of Figure 7,
respectively. The left half represents the ground-truth input
unwrapped phase (red), retrieved unwrapped phase (blue)
and initial random wrapped phase (green) of the Gaussian
Beam signal, while the right half represents the magnitude of
ground-truth (red) and retrieved (blue) Gaussian Beam. For
the £=1 case, the retrieved phase (red) completely matches the
input phase (blue). For the 4=4 case, the retrieved phase also
matches the ground-truth input phase quite well. In Figures
7-16, any instance of “phase” refers to “unwrapped phase.”
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Figure 7: GS algorithm to retrieve single-mode (top) and multimodal
XFEL (bottom).

Single Electric Field Simulation Result:

Secondly, data from an XFEL emulator is used. An elec-
tric field with n-grid = (150, 150) is applied as input, and a
random initial phase is used inside the GS program. One of
the simulated outputs is shown in Figure 8 below, with the
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Figure 8: Retrieved magnitude (left) and unwrapped phase (right) of a
single field.

retrieved amplitude and unwrapped phase shown on the left
and right, respectively.

Multiple Electric Field Simulation Comparison:

Next, we choose a few combinations of electric field sets and
check the phase retrieval effectiveness. The simulation result
is shown in Figure 9 below. Again, the left column plots show
the phase comparison while the right column plots show the
corresponding E-field power.

We see that as the n-grid varies among (100, 100), (150,
150), (200, 200), and (250, 250), the transverse fields have
multiple modes, which leads to significant variation in the
ground truths of their phases. The retrieved phase error will
thus vary depending on the E-field coordinates. The E-field
power is most potent at (150, 150), which indicates a sin-
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retrieval is expected to work best when a strong, single-mode
transverse electromagnetic (TEM) mode exists. As a result,
our following phase retrieval experiment will focus on the

(150, 150) grid field.
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Figure 9: Comparison of different E-field phase retrieval and power.

The performance of the phase retrieval algorithm for mul-
timodal fields can be better gauged with the Strehl Ratio
metric described in Section Phase Retrieval Performance
Evaluation Using Strehl Ratio (SR).

Phase Retrieval Performance Evaluation Using First-Order
Norm:

To find out the performance of the GS-based phase re-
trieval on this XFEL application, we take the normalized
first-order error (F_error) between the known phase (¢y) and
retrieved phase @ as the figure of merit:

Sl

F_error = —QFf——
- g ]

Equation 5

We perform the following procedure:

1. Determine the F_error of the input EM fields with
respect to each other in the vicinity of the (150, 150) grid.
A total of five n-grid coordinates are examined: (149, 150),
(150, 149), (150, 150), (150, 151), and (151, 150). This step
reveals the phase ‘resolution’ of the known E-field.

2. Determine the F_error of the retrieved phase vs.
ground-truth input phase for all five coordinates in the vicin-
ity of (150, 150).

3. Compare the results of step 2 with step 1.

Suppose the F_error of step 2 is smaller or equivalent to
that of step 1. In that case, we declare that our current GS-
based algorithm achieves the desired accuracy since the error
introduced through phase retrieval is comparable to the phase
3 . ) . .
resolution’ of the input E-field. In other words, our error is
smaller than our unit of measure.
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Figure 10: Phase retrieval error check across adjacent fields.

The retrieved phase and ground-truth known input phase
of the five adjacent grid coordinates are shown in Figure
10(a, b, ¢, d, ). Their power/magnitude is also shown in the
small lower right corner plot, Figure 10(f), to ensure that
these fields closely resemble a single-mode TEM field. The
maximum input phase error measured between two adjacent
n-grid areas is shown on the large left plot, Figure 10(g).
The retrieved phase error, defined as the error between the
ground-truth phase and the retrieved phase for each of the
five cases, is shown on the large right plot, Figure 10(h).

The algorithm converges quite well in our simulation
studies, usually converging in less than 1500 iterations, with
a random phase assigned in the first step of Figure 5. The
convergence criteria are defined as when the retrieved phase
is equivalent to or smaller than the error budget described
above. For example, one convergence iteration for an n-grid =
(150, 150) simulation is shown in Figure 11.

Our simulation indicates that the retrieved phase error
is smaller than the phase error at the input neighborhood
region. Therefore, we conclude that our GS-based phase re-
trieval achieves satisfactory accuracy using the figure of merit
defined in this section.
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Figure 11: Retrieved phase convergence with iteration runs.
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Phase Retrieval Performance with Additive Noise :

In our setup, we inject Gaussian random noise at the time
domain signal magnitude, as shown in Figure 5, if we assume
that the measurement apparatus has built-in hardware lim-
itations. The following equation determines the standard
deviation of the noise 6:

=

where SNR is the signal power to noise power ratio, and o;
is the signal standard deviation derived from the time domain
magnitude calculation at n-grid (150, 150). It should be noted
that when the input signal amplitude is corrupted, we assume
that its Fourier domain constraint counterpart will also be af-
tected, as shown in Figure 5.

The phase retrieval performance is then compared between
a clean input signal without noise and a corrupted input sig-
nal with a certain SNR. The results are shown in Figure 12,
where the retrieved phase F_error measured between two ad-
jacent n-grid areas is compared. A slight increase of F_error
of the right plot (corrupted case) against the center plot (clean
signal case) is observed.

Equation 6

Initial Phase Retrieved Phase Retrieved Phase With Noise, SNR = 12.0412d8

-100 ~100

-1251 -125

=150 =150

0 40 "] 40 0 40

20 20
Time (fs) Time (fs)

20
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Figure 12: GS phase retrieval noise sensitivity via F_error comparison.

Figure 13 shows the plot where the phase retrieval F_error
is swept with a different SNR with two choices of n-grids.
The following observations can be made:

Poor SNR significantly impacts the GS-based algo-
rithm’s accuracy compared with the ideal case. For example,
we see a five-fold increase of F_error when SNR < 1.

There is a certain dependency on the choice of the
n-grid coordinates. For example, the (149, 150) ideal case has
a lower initial F_error than the (150, 150) case. It also con-
verges faster than the (150,150) case.

When SNR is sufficiently high (SNR > 10), the
impact of additive noise on the retrieved phase accuracy is
negligible as the two curves start to converge.
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Figure 13: GS phase retrieval noise sensitivity via F_error comparison.

Phase Retrieval Performance Evaluation Using Strehl Ratio
(SR):

The Strehl ratio (SR) is a parameter frequently used in op-
tics. It is defined as the ratio of the highest density in the
aberrated image from a point source to the maximum intensity
achievable from a perfect aperture limited by diffraction."**?
It can usually be estimated using only the statistics of the
phase deviation ®:

S=e" Equation 7

where 6 is the root mean square phase deviation over the
aperture of the wavefront, and S is a value ranging from 0.0
to 1.0. When there is no phase error, S becomes 1.0. Thus,
we can use the Strehl ratio to evaluate phase retrieval perfor-
mance as a more objective figure of merit.

In our experiment, the Strehl ratio can be used to check
whether a single-mode or multi-mode E-field exists in a giv-
en grid area, as shown in Figure 14 below. In Figure 14(a), the
full area (0, 300) is included, and the Strehl ratio is relatively
low and has little dependency over light intensity. This indi-
cates that multiple modes exist across the vast region of (0,
300). In Figure 14(b), the area is constrained to (130, 170),
and the Strehl ratio approaches 1.0 in many slices, suggest-
ing a strong positive correlation between intensity and Strehl
ratio. This indicates that most of the time, or for most slices,

a single-mode E-field exists in the reduced area (130, 170).
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Figure 14: Strehl ratio for unimodal and multimodal E-field regions.

As previously explained in Section Single Electric Field
Simulation Result, our modified GS algorithm works well
in the center region (150, 150) where a single mode E-field
dominates. This is confirmed by examining the Strehl ratio
across different regions, as shown in Figure 15.
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Inspecting Figure 15(a), we see that the Strehl ratio of the
retrieved field (red) is, on average, much lower than that of
the original field (blue) across the slice/time. This is attributed
to the existence of a multimodal E-field in the grid region
(100, 200). We can also verify this by inspecting Figure 15(b).
When the grid region is more centralized within (145, 155)
where a single mode exists, the Strehl ratio of the retrieved
field (red) tracks the original field (blue) much better. This
illustrates again that our modified GS algorithm works quite
well for single-mode E-field regions.

Strehl Ratio, red=input, yellow = retrieved with noise, grid = 100 to 200

10

08|

Strehl Ratio

Strehl Ratio

w00 3000
Slice Number
(b)

4000 5000

Figure 15: Comparing Strehl Ratios at different regions.

The noise impact on the phase retrieval is also examined
using the Strehl ratio parameter. With SNR=10, we see that
there are noticeable degradations for the retrieved phase ac-
curacy by comparing the yellow curve with the blue curve in
Figure 15(b).

One may question that even with a single mode E-field
situation like that in Figure 15(b), there are times when the
Strehl ratio of the retrieved field is still much lower than the
original field (ground truth), such as when the slice ranges
from 2000 to 3000.

As shown in Figure 16, a comparison is made between
the Strehl ratio (upper plot) and field intensity (lower plot).
Clearly, there is a strong positive correlation between the
Strehl ratio and field intensity. When the field intensity is
low (below 107), our GS-based algorithm cannot produce ac-
curate phases to yield high Strehl ratios, like when the slice
number is 2000, 2700, or 3000. On the other hand, when the
field intensity is high, our GS-based algorithm can retrieve
phases quite well to yield high Strehl ratios, like when the
slice number is 2100, 2300, or 2900.

Strehl Ratio, red=input, blue=retrieved, grid = 2000 to 3000
1.0{
| (J\/
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2200 2400 2600
Slice Number

2800 3000

le7 Intensity at grid = 2000 to 3000

ot
2000 2200 2400 2600
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2800 3000

Figure 16: Single- mode E-Field Strehl Ratio vs. field intensity.

B Conclusion

In conclusion, both children and adults with AATD have
anThe modified GS algorithm is employed in the XFEL
E-field phase retrieval application. By imposing a time-do-
main magnitude constraint and a Fourier-transformed
frequency domain magnitude constraint, the phase of the
E-field at the time domain can be successfully retrieved with
acceptable error tolerance. This research also introduces mea-
surement apparatus-induced error to determine the modified
GS algorithm’s robustness under non-ideality. We find that
with a reasonable signal-to-noise ratio (SNR > 3 in some
cases), the additive noise-induced error is still within the ac-
ceptable error budget of the system.

Two objective figures of merit are used to evaluate the
performance of the modified GS algorithm: the First-order
normalized error (F_error) and the Strehl ratio. In addition,
the cause of a large phase error is analyzed and verified. We
conclude that the proposed GS phase retrieval algorithm can
achieve remarkable accuracy when a single mode E-field with
sufficient intensity power is available for the XFEL applica-
tion.
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