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ABSTRACT: Knowing the ground state energies of molecules and atoms gives scientists critical insight into these particles’
behavior in reactions, thermodynamic and molecular properties, and excitation energies. However, due to the quantum mechanical
nature of particles, finding the ground state of a system is intractable, both mathematically and experimentally. Computational
methods are utilized to estimate the ground state energies. As we approach the limits of classical computers, quantum computers
are viewed as promising alternatives that present a bright future for computational chemistry. In this paper, I review classical and
quantum algorithms/methods for computational chemistry. Then, I discuss the current topics in using quantum computers for
computational chemistry by analyzing the performance of the Variational Quantum Eigensolver (VQE) in different contexts on
IBM’s noisy quantum computer simulator, "QasmSimulator," and one of IBM’s quantum computers, ibmq_belem. This review
presents a theoretical and practical view of quantum computational chemistry. It allows the reader to learn the theory behind the
algorithms and implement them with the guidance of the presented code and its detailed explanations. The purpose of this paper
is to leave the reader with the necessary theory and adequate programming reference to implement the algorithms in various
contexts.
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B Glossary

Ground State: The lowest energy state of a system

N-body Problem: The problem of solving the equations of
motion for a system consisting of N bodies

State vector: A vector describing the state of a quantum sys-
tem

Hamiltonian: The energy functional of a system

Wave function: The function that is the solution to the
Schrédinger Equation for a system

Ansatz: Initial estimate for a mathematical problem that is
fine-tuned and optimized later

TISE: Time-Independent Schrodinger Equation

BOA: Born-Oppenheimer Approximation

HF: Hartree-Fock

SCF: Self-Consistent Field

CI: Configuration Interaction

CC: Coupled-Cluster

CCD: Coupled-Cluster Doubles

CCSD: Coupled-Cluster Singles and Doubles

BD: Brueckner Doubles

UCC(SD): Unitary Coupled-Cluster (Singles and Doubles)

FTQC: Fault-Tolerant Quantum Computing

NISQ: Noisy Intermediate Scale Quantum

HQC: Hybrid Quantum-Classical

QPE: Quantum Phase Estimation

QFT: Quantum Fourier Transform

VQE: Variational Quantum Eigensolver

HEA: Hardware-Efficient Ansitze

PMA: Physically-Motivated Ansitze

B Introduction

Particles on atomic and sub-atomic levels, such as electrons
and protons, possess a quantum mechanical nature; thus, re-
strictions exist on what can be measured and learned about
them. One problem of interest is the ground state energies of
molecules, i.e., the lowest energy levels, which are essential for
studying molecules and their behavior in chemical reactions.
This energy may be expensive to measure in a lab. Furthermore,
equations for finding the ground state energy are difficult to
solve. This is due to the Quantum Mechanical Many-Body
Problem, which arises from the difficulty of solving the equa-
tions of motion for many interacting bodies. This problem will
be discussed further in the next section.

“The underlying physical laws necessary for the mathemat-
ical theory of ... the whole of chemistry are thus completely
known, and the difficulty is only that the exact application of
these laws leads to equations much too complicated to be sol-
uble.” - Paul A. M. Dirac

Due to these limitations, the field of computational chemis-
try has arisen. The field makes use of computers to approximate
valid solutions for the ground state energy and other systems'
properties, having many applications such as efficient drug
simulation for drug discovery and increased efficiency for bat-
teries, reducing waste, and maximizing power. However, the
limitations of classical computers restrict the efficiency of these
applications. At this point, quantum computers are promis-
ing to provide drastic scaling in terms of computational cost
and a significant increase in efficient applications. This paper
reviews the application of computational chemistry to estimat-
ing ground state energies of systems, starting from classical
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ods and ending with implementing a quantum algorithm
on an actual quantum computer and a simulator. The review
presents major topics in quantum chemistry simulations from
a semi-empirical standpoint, with a theoretical review and
original experiments, which leads to a more comprehensive
understanding of the topic. Moreover, for readers who would
like to implement what they’ve read, the final section can work
as a benchmark for the code and experiments.

The Quantum Mechanical Many-Body Problem:

To completely describe the quantum mechanical behavior of
the electrons in a system, solving for the many-electron wave
function of the system via the Schrédinger Equation is nec-
essary.!

There are two reasons why the problem is intractable:

* There are N = 10% electrons in a mole of solid, and there
are 3V degrees of freedom (i.e., 3D coordinates of each elec-
tron).

* The electrostatic forces between electrons (Coulomb In-
teractions) cause a correlation between the electronic motions;
thus, the problem cannot be simplified into N single-body
problems rather than an N-body wave function.?

The Time-Independent Schrédinger Equation and the
Hamiltonian:

The Schrodinger Equation is a linear partial differential
equation in terms of the wave function, which predicts the fu-
ture behavior of a system. The most general form predicts the
evolution of a state over time:

d
th—[$(0)) = HY@®))

where, |(#)) is the state vector of the system, and H is the
quantum mechanical Hamiltonian, the operator that gives the
energy of the system.

To find the energy levels of a stationary state, an eigenvalue
equation called the Time-Independent Schrodinger Equation
(TISE) can be derived from the previous equation:

HY(x)) = E|(x))

where (x) is the spatial wave function, and E is the energy
level of the system. From now on, y will indicate the spatial
wave function, P(x), unless indicated otherwise. To solve for
the eigenvalue E, the expectation of the Hamiltonian is taken:?

(H) = (IEIY) = EWlly) = E

The molecular Hamiltonian, H, is the sum of the potential
and kinetic energies of a system:

H=TN+T3+%3+V5N+VNN

where e denotes electrons, IV denotes nuclei, 7" denotes ki-
netic energies, and ¥ denotes potential energies.

The Born-Oppenheimer Approximation (BOA) states that
because the masses of nuclei are three orders of magnitude
greater than the masses of electrons, the wave function i and
the Hamiltonian A can be separated to yield the electronic
wave function, P, and the electronic Hamiltonian, H, which
only depend parametrically on nuclear positions, i.e., the

nuclear positions are constants that alter the value of the func-
tion rather than variables. Using the BOA, the TISE takes a

new form:

Helpe = elpe

in which only the electronic degrees of freedom are needed
to be dealt with. Notice that this equation gives the electron-
ic energy, E, and not the total energy, £. However, E can be
obtained by following a similar procedure with the nuclear
components of the wave function and the Hamiltonian.* Be-
cause this problem deals with the electronic structure of the
system, it is named the “electronic structure problem.”

Although the Born-Oppenheimer approximation helps re-
duce the complexity of the eigenvalue equation, exponentially
large dimensions remain as the wave function cannot be split
into IV single-body problems. To treat this problem, many ap-
proximation techniques are applied to the wavefunction along
with the BOA. In the following two sections, these methods
will be examined.

Classical Computational Chemistry and Its Limitations:

There are several classical theories to use when dealing with
the electronic structure problem: two of the most significant
theories are Density Functional Theory (DFT), which re-
moves all the degrees of freedom except electron density, and
Molecular Orbital Theory. For the sake of brevity, this sec-
tion will only encompass Molecular Orbital Theory methods.
Within these methods, different methods of approximation
will be covered from simple to complex, i.e., Hartree-Fock,
Configuration Interaction, and Coupled Cluster methods,
depending on the many-body interactions considered in the
calculation. However, to tackle a chemistry problem compu-
tationally, the first step is to find a way to represent the wave
function compactly. Here, Slater Determinants are used.

Slater Determinants:

Slater Determinants, named after John Slater, are a way to
represent a wave function in terms of spin orbitals while obey-
ing the "Antisymmetry Principle".

Antisymmetry Principle:

The electronic wave function is antisymmetric under the
exchange of the coordinates of two electrons, which can be
shown with the equation below for a two-electron wave func-
tion:

Y(X1,X2) = —P(Xz.X1)

Let’s construct a product wave function for a two-elec-
tron system in terms of spin-orbital functions, y, which are
single electron wave functions taking both the position and
spin angular momentum of a particle as its parameters. As an
example, let’s use the ground state of He, 15* 25° 2p°. Both
electrons occupy the spatial orbital 1s. However, they occupy
different spin orbitals, obeying the Pauli Exclusion Principle.
Then, the wave function becomes:

YX1,Xz) = x1(X1)x2(X2)

After the permutation of electrons, i.e., the interchange of
the spin orbitals each electron occupies, the wave function be-
comes:
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P(X2,X1) = Y1 (X2) X2 (X1)

This product wave function does not satisfy the indis-
tinguishability principle and results in two totally different
functions. To prevent this, the two-electron wave function can
be written as alinear combination of functions that satisfy the
normalization condition. Since each electron is equally likely
to occupy each spin-orbital, an expression for the two-electron
wave function in terms of spin orbitals can be found:

Y(x1,X2) = 11 x2(2) — a(x2)x2(x0)]

The above equation satisfies the Antisymmetry Principle
and the normalization condition, which are respectively shown
below:

1
Y(xy,X;) = 7z [ (a2 (%3) — oy (X)), (%]
1
=- \/_f[ X1(x2)x2(x1) = X1 (X1)x2(%2)] =~ (x2,%1)

2

G -

This equation also satisfies the Pauli Exclusion Principle,
i.e., two electrons cannot occupy the same spin orbitals, as
when x,=x,, =0.°

When the number of possible spin orbitals increases, this
notation is impractical to use. However, determinants can be
used to express the wave functions. The expression found is
equivalent to a Slater Determinant for two spin orbitals:

_ l x1(X1)  xz(%1)
L AR PR
Generalizing the Slater Determinant to an N-electron wave

function, the equation becomes:

X1 (X1)  xz2(x1) xn(x1)
w(x) = w(lele s XN) = “/% X1 (XZ) XZ(EXZ) XN(EXZ)
X (Xy) X2 (Xy) Xn(xy)

To introduce a briefer notation, i could be expressed in ket
notation including only the occupied orbitals, i.e., p=[x; x;...
xo)=lii ).

Self-Consistent Field (SCF)/Hartree-Fock Method:

The Hartree-Fock (HF) method, which assumes that the
wave function can be expressed as a single Slater Determinant,
is equivalent to the assumption that the movement of each
electron is independent of other electrons except the Coulomb
repulsion caused by the mean field, which depends on the av-
erage position of all electrons. As each electron is evaluated
self-consistently, this method is called the Self-Consistent
Field (SCF) method.

Under this assumption, the variational theorem, which is
a theorem that states that the trial energy, i.e., the energy giv-
en by the trial wave function, cannot be lower than the actual
ground state energy, can be used. In the HF method, this trial
wave function is a single Slater Determinant. The Hartree-Fo-
ck method aims to find the best possible single electron wave
functions, y, functions that will minimize the total energy giv-
en by:

E = (Yur|Hel|YHF)

By using the variational method, the parameters of i can
be adjusted by solving for the Hartree-Fock equations, which
are eigenvalue equations that give the energy and Hartree-Fo-
ck Orbital for one electron. These minimizations will result in
the "best single Slater Determinant." The limit of the lowest
energy that can be obtained by a wave function described by
a single Slater Determinant is called the Hartree-Fock lim-
it, the energy is called the Hartree-Fock Energy, the best
possible single-electron orbitals are called the Hartree-Fock
Orbitals, and the Slater Determinant formed by these orbitals
is called the Hartree-Fock wave function.”

Although the assumption that a wave function can be rep-
resented in terms of a single Slater Determinant may result
in poor computational results for many systems, the HF wave
function can be used as a starting point to construct improved
wave function ansitze, i.e., the initial estimate for a mathemat-
ical problem that is fine-tuned and optimized later.®

Conftiguration Interaction:

In a quantum system, the motions of electrons cannot be
described only with their independent behavior and the Cou-
lomb repulsion force that is exerted on them, as the behavior
also depends on the correlation between the electrons caused
by their location. However, approximating the wave function
by a single Slater Determinant does not consider the spa-
tial correlations in the electron motion. This correlation can
be accounted for by expressing the wave function as a linear
combination of different electronic configurations, represented
by Slater Determinants. The electronic combinations are ba-
sis functions, which are all possible configurations of electrons
in an N-electron system represented by Slater Determinants.’
The linear combination of these Slater Determinants regards
the interaction of different configurations; thus, this method
is called Configuration Interaction (CI). Mathematically, an
N-electron wave function can be represented as a linear com-
bination of a complete set of N-particle basis functions, which
are constructed from a complete set of 1 particle basis func-
tions.'® Denoting the ith wave function represented by a single
Slater determinant as @;, and the number of basis functions
with d, the wave function is equal to:

d

Yo = Z a; ®;
=1

where the coefficients a; are variationally determined. Solv-
ing for this equation gives an exact solution for the wave
function.®'" Then, the total energy is given by:

E = (@clHelcn)

In real life, a complete set of 1-particle basis functions can-
not be found because there are infinitely many 1-electron wave
functions. Therefore, an incomplete set of 1-electron wave
functions is used, which is assumed to be enough. In theory,
calculating the wave function with an incomplete set of 1-elec-
tron basis functions but all possible N-electron basis functions
is called a "full CI." If the set of 1-electron basis functions is
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complete, which never is the case in practice, the method is
called "complete CI."

However, full CI can also not be carried out on a classical
computer because all the cap N-particle basis wave functions
"can not be efficiently stored and manipulated.” Therefore,
different CI methods beyond this work’s scope are used to ap-
proximate the wave function.

Coupled Cluster:

Nowadays, Coupled Cluster (CC) methods are the preferred
methods for high accuracy in computations. Coupled Clus-
ter methods were found to be used in nuclear physics, and it
took a while to include electron correlation in wave function
estimation. In CC theory, the trial wave function, usually the
Hartree-Fock wave function, ¢ is operated on by an exponen-
tial function e, where:

Yec = ey
and the total energy is given by:
E = (YcclHelce)

Note that CC methods use an exponential operator while
CI methods express the wave function as a linear combination.
The cluster operator T is defined as the sum of excitation
operators T;:

T=T,+T+ .. +Ty
Each  excitation operator T; generates all ith excited

electron configurations that are represented in terms of a
Slater Determinant:

occ virt
Too= )Y vt
L a
occ virt
— ab b
Topo = Z Ztu 45
1<j a<
occ virt
_ ayap..ap _; @y0;..Af
Tiapo = bt Wihyiy

i1 <2<.<ip a1<az<.<ay

where “occ” denotes the occupied molecular orbitals, “virt”
denotes virtual (unoccupied) spin orbitals, # are coefficients
and ¢ are Slater Determinants of different configurations, as
when an electron is excited, it leaves an occupied orbital and
occupies an unoccupied orbital.
The exponential of the operator T can be expressed by
using the McLaurin expansion of ¢*:
o0
x? X3 x"
X = — — = —
e*=1+x+ > + 3 +... an
n=0
Substituting T for :
T2 T3 Tn
B IR e
2 6
n=0
To deal with a more straightforward equation to compute,
some restrictions are made on T . For example, in Coupled

Cluster Doubles (CCD), T is approximated

by Tsz,

However, limiting the cluster operator, T does not restrict the

excitations to a given level. This can be  seen by considering

the fact that T is two double excitation operators

combined, which is a quartet excitation operator. There

also are different restrictions, such as Coupled Cluster Singles

and Doubles (CCSD), that make the approximation:'
T~T +T,

CCSD is exact for two-electron systems due to the fact that,
at most, double-excited Slater Determinants can be generated
for a two-electron system. In a two-electron system, only the
first few terms of e’-gives non-zero values when operated on
by the Hamiltonian, as it only contains one and two electron
operators. Thus, the infinite series can be truncated into a fi-
nite sum with the first few terms.

"CCSD is the only pure CC method that can be used in
routine applications,” as higher term approximations become
more expensive. However, some variations can be made on
the CCSD method, e.g., CCSD (T), where triples can also
be estimated with some trade-offs. Bruckner’s (B) theory is
a variation of the CC theory. The Brueckner Doubles (BD)
method can be compared to CCSD in terms of both accuracy
and computational cost.'>"?

A difference in CC theory from the aforementioned algo-
rithms is that the energy obtained is non-variational, meaning
it can also be less than the true energy of the ground state.
This problem is solved with Variationally Optimized Couple
Cluster; however, it has significant limitations on a classical
computer.

In CC theory, the cluster operator may not necessarily be
a pure excitation operator. For example, in Unitary Coupled
Cluster, the cluster operator is an operator that has the ex-
citation and de-excitation operator combined in one unitary
operator (U =e™™).

Although introducing the de-excitation operator has its ad-
vantages, the number of terms in the expectation value vl o)
, become infinite and the problem becomes intractable
on classical computers. However, on a quantum computer, the
operations on qubits, the quantum analogs of bits, are generally
realized in terms of unitary operations, which makes preparing
a UCC ansatz, i.e., trial wave function, efficient if the cluster
operator can be represented as a low-depth quantum circuit.®

The realization of the UCC ansatz is one of the many
advantages quantum computers bring to the world of compu-
tational chemistry. In the next section, these advantages will
be explored.

Quantum Computation for Computational Chemistry:

"Nature is not classical, dammit, and if you want to make a
simulation of Nature, youd better make it quantum mechan-
ical, and by golly it’s a wonderful problem because it does not
look so easy." - Richard Feynman

This is a quote taken from the 1981 lecture of Feynman,
proposing the first idea of a quantum computer.” Due to the
fact that quantum computers leverage two significant
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properties in quantum mechanics, i.e., superposition and en-
tanglement, they reduce the computational cost of important
problems in computation. For example, the time it takes to
factorize an integer, the key idea that lies underneath most en-
cryption systems (RSA Encryption), can be drastically reduced
using a quantum algorithm called Shor’s algorithm. However,
these algorithms cannot be implemented yet, as the capacity to
complete a task of any size without error or with minimal error
has not reached an adequate level.

In this section, quantum computation will be introduced
first. Then, different computational chemistry algorithms on
quantum computers, categorized according to their hardware
requirements, will be presented and discussed.

Introduction to Quantum Computation:

The smallest unit of information in a quantum computer is
a qubit, the quantum analog of a bit, which takes the values 1
or 0 in a classical computer. The 0 state on a qubit is denoted
by |0) and the 1 state is denoted by |1), which is called the
bra-ket notation where (| is the bra, and |) is the ket. Different
from a bit, these qubits can represent a linear combination of
states |0) and |1), which is called a superposition. A superposi-
tion is only preserved until it is observed (or measured). When
observed, the state collapses into |0) or |1). A qubit in the
same superposition state may give a different outcome when
measured, as there is a probability for the qubit to collapse to
both states.

In general, the state of a qubit is in the form:

[¥) = col0) + c1]1), lco|* + les | = 1

for ¢y, ¢,€C, where |¢|* is the probability of the qubit
collapsing into |0y, and |¢,|? is the probability of the qubit col-
lapsing into |1).

A well-known superposition state is:

1 1
[¥) _\TiloHﬁm

Where |p) denotes the qubit’s state. Note that for this
specific state, the magnitudes of the coefficients are equal,
meaning the probability of measuring |0) is equal to the prob-
ability of measuring |1), which is |% |2 = i
The qubit having an equal
probability of collapsing into both states is what makes this
state, which is denoted by |+), important.

qubit 0
10)

Figure 1*: Bloch Sphere representing the state |+). Notice that the two
poles represent |0) and |1), and the vector representing |+) is equidistant
from the vectors representing |0) and |1).

The state of a qubit is represented on a Bloch Sphere. A
Bloch Sphere representing |+) can be found in Figure 1.

When a qubit is observed, its superposition collapses into
either the |0) state or the |1) state, with probabilities |¢,|?
and |¢,|?, respectively. Quantum computers leverage the in-
terference property as a quantum circuit interferes with the
components of the superposition.ls’lb

Quantum circuits are meaningful when they act on multiple
qubits, e.g., the encryption method that is most used today,
2048-bit RSA encryption, can be cracked with =4000 ideal
qubits.’”

Let’s look at how multi-qubit systems can be represented
and how entanglement can be leveraged in these systems. A
system with two qubits in the state |0) can be represented as
|00) where the leftmost number in the ket is the state of the
first qubit. The entanglement of multiple qubits has important
applications in quantum computing. For example, entangling
the second qubit with the first qubit in a two-qubit system
while the first qubit is in the superposition 1+) = 0 +11)
will yield the state

1

1) = 251100 + |11)]

On a circuit diagram, this circuit (with measurement at the
end) is shown as in Figure 2:

0) — H 177

Figure 2: Single qubit first set to an equal superposition, then measured.

The circuit above is the circuit describing a qubit initialized
to |0), a Hadamard gate applied to it followed with a measure-
ment. At the end, with the measurement gate, the probability
to measure each state is 1/2. The |®*) state,

5 [100) +11)]

is drawn as in Figure 3:

o —{F1—

[0) ——P—

Figure 3: Quantum Circuit for a Bell State

2(100) + [11)]

where the two-qubit gate after the H gate is the CNOT
gate, which entangles two qubits, the filled dot denoting the
control qubit and the dot with a plus in it denoting the target
qubit. If the control qubit is in the state |0), nothing changes
in the target qubit; however, if the control qubit is in the state
|1), the state of the control qubit is reversed.

Let’s work through preparing the |@*). When the control
qubit is |0), the target qubit will not change; it will stay |0)
forming the state |00); however, when the control qubit is |1),
the target qubit will be reversed, which means it will become
|1) forming the state |11). Since it is equally likely for the
control qubit to collapse into both states,
the resulting state is \,—2[|00)+ |11y].

*%*: All figures in this text either were ensured to be licensed appropriately or
are original work.
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This subsection has explored the properties that make quan-
tum computers advantageous. By leveraging these properties,
namely preparing states that cannot be prepared classical-
ly, superposition, entanglement, and interference, quantum
computers can provide accurate results for many problems in
chemistry, such as finding the ground state energy of quantum
systems.

Algorithms for Fault-Tolerant Quantum Computing
(FTQO):

Quantum computers are highly promising devices in terms
of solving complex chemistry problems. However, these prom-
ises have yet to be realized due to the physical limitations of
current technologies for building quantum computers. Phys-
ical qubits, as of right now, cannot work precisely as an ideal
qubit for several reasons, e.g., the noise caused by physical con-
ditions such as "control electronics, heat, or impurities in the
qubit material,""’ the decay of a qubit from state |1) to |0)
(relaxation time), and the losing of quantum coherence of qu-
bits (dephasing time) >

Due to these physical limitations, it takes multiple physical
qubits to realize an ideal qubit. These promising algorithms
need fault-tolerant quantum computing (FTQC) to work,
which will take millions of physical qubits to realize. Never-
theless, theoretical algorithms have been constructed for these
FTQC:s to revolutionize the field of computation when they
are built.

Hamiltonian Evolution:

One problem that can be tackled using FTQCs is evolving
the Hamiltonian over time. Although finding zero-tempera-
ture ground states from the TISE is useful, many chemical
processes include time evolution and take place at finite
temperatures. Therefore, solving for the Time-Dependent
Schrodinger Equation is quite helpful in describing many pro-
cesses. The time-dependent Schrodinger Equation (when the
reduced Planck’s constant # is omitted):

d o
iak"(ﬂ t) = HIP(*‘: t)

which can be formally solved as follows when the Hamilto-
nian is time-independent:

Y, = e MY (7, 0)

Expanding this equation in terms of the eigenvectors i; of
the time-independent Hamiltonian:

Y@ = ) e Y )

]

From this equation, the difficulty of this method becomes
apparent. To simulate the Hamiltonian over time exactly, the
full spectrum of the Hamiltonian eigenvectors and the ex-
pansion of the initial state must be known. This is intractable
on classical computers for systems except for systems of very
small sizes.® To deal with this, several approximations that are
beyond the scope of this work are made, e.g., molecular dy-
namics.

Several approaches, not discussed in detail, are present to
deal with this simulation problem on quantum computers, e.g.,
product formula algorithms, a linear combination of unitaries,
quantum walks, quantum signal processing, and quantization.

Quantum Phase Estimation:

Quantum Phase Estimation (QPE) is an algorithm that es-
timates the phase ¢ in binary representation when a unitary
operator U=e™, i.e. an operator that is equal to the identity
operator when multiplied by its conjugate transpose (UUt=I),
and an approximation of its corresponding eigenstates are giv-
en.

In the case of finding ground state energies, the unitary
operator used is U=¢), which simulates the Hamiltoni-
an evolution over time. To implement this operator in terms
of quantum gates, A is first written as a product of non-
commuting terms, H = S H;. Then, a Trotter-Suzuki
approximation  is made, i.e., breaking down
the Hamiltonian time evolution operator, ¢, as a product
of time evolution operators, ¢, that are easy to simulate.”'
Afterwards, the QPE algorithm is used to extract information
about the eigenvalue spectrum of the Hamiltonian.

The scheme of the Quantum Phase Estimation algorithm is
as follows: First, all ancilla (auxiliary) qubits are put in an equal
superposition state via Hadamard gates. Then, the Hamiltoni-
an time evolution operator e is applied as several controlled
unitaries from the ancilla register to the register that is initial-
ized in an eigenstate of the Hamiltonian. Thus, the eigenvalue
corresponding to the eigenstate is printed on the ancilla regis-
ter as phases via a phenomenon called phase kickback. Finally,
using Inverse Quantum Fourier Transform, these eigenener-
gies are extracted from the phases and are measured.*

In the QPE, the phase imprinted on the 4th qubit is e “An’
where 4» is the eigenvalue corresponding to §,,. Imprinting
this state is shown below:

QFT!

3 0 A

0 —{#}
lom) ——— v Hv* Hu? ————— l¥m)

Figure 4: QPE with 3 Ancilla Qubits

where QFTT is the inverse of Quantum Fourier Transform,
U is the unitary operator applied 2* times to the qubit, and
[,,) is the trial wave function.

First, the phase kick-back trick is used. In this trick, a phase
is added to one of the states in the superposition by using
multi-qubit operators. In this case, the unitary operator U
adds the ¢2'itms phase to the |1) state.

However, an exact eigenstate of the Hamiltonian, i, cannot
be always prepared. The second register may be a superposi-
tion of the eigenstates, expressed as:

and the phase estimation will yield:

D 1)
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where 1, isan approximation of the eigenvalue 4,,.

Dt /2700

Then, the probability of the second register to collapse to
eigenstate 4, is |a,,|*. This shows the importance of state
preparation, as the initial state should be dominated by the
overlap with the ground state to obtain the ground state ei-
genenergy.

Then, the inverse Quantum Fourier Transform is applied
to the qubits, which transforms the state into a computational
basis state |x; x2...xy) where 4,,#/2n=0.x; x2...x5". It has been
shown that with success probability p, the number of precise
bits that can be calculated, o is:*

How the inverse Quantum Fourier Transform works will be
examined in the next section.

w = N —[log, (2 +2—1p)]

Quantum Fourier Transform:

The Quantum Fourier Transform (QFT) is the quantum
analog of the Discrete Fourier Transform. The QFT maps a
state on a computational basis to a state on a Fourier basis,
with a similar formula to its classical version. The circuit di-

agram of QFT with four qubits can be drawn as in Figure 5:

o
Ij2) [0) + 2ri0zisie|)
) 7R [0) + 205341
Ji) {H}— 10) -+ e2moiujn)

Figure 5: QFT with 4 Qubits

|0) + e2mi0-drizdada|1)

where R, acts as the following operation on the two-qubit
state |xx,):

27l
Ri|0x,) = |0x,), R |1x;) = e 2| 1x,)

The Quantum Fourier Transform can simply be expressed
as:
QFT|x) = |%)
Where the state in the computational basis is |x) and the

state in the Fourier basis is # The formula is as follows for
N=2" in a quantum system with n qubits:®

N-1
— i 2mixkc /2R
QFTJx) = mkzoe k)
When £ is written in binary form 4=k &s...4, £/2"= j-1k; 2/
18
QFT|x)=J—N;eZ""k/2 )
Representing this equation as a product of n-qubits that

make up the system, the equation becomes:**

QFT|x) = \/iﬁ(w) + e%*u))(w) + ezz'?’u)) (|o> + e%*u)) (|o> + e%'ri*u))

Transforming |x) into binary representation |x1 x2...4n),

QFT|x,%,...2,) = %ﬁ (10) + €270n| 1)) (|0) + e2M0%n-1%n|1)) .. (|0) + 20X 1Xz-Tn—sn|1))

Notice that the 4th factor in this equation is in a similar
form with the result of the unitary applied to the 4th qubit in
the phase kickback phenomenon, i.e. (10) + e=2"3me|1y),

when A, is represented in
binary form. From this similarity, the use of inverse Quantum
Fourier Transform, QFTT to extract the eigenenergies can be
understood intuitively.

Although these algorithms are seemingly promising, it is
not possible to implement these algorithms meaningfully on
quantum computers of today. FTQCs are to come; however,
the devices used now are noisy, and intermediate scale. In the
next section, algorithms for today’s quantum computers will
be examined.

Hybrid Quantum-Classical Algorithms for the Noisy In-
termediate-Scale Quantum Era (NISQ):

Today’s quantum computers are quite limited compared to
FTQCs. They are noisy, and they do not accommodate quan-
tum error correction; thus, algorithms must have low circuit
depth and must be done within the decoherence time. The re-
sults should also be accessible by simple measurements. These
devices are called Noisy Intermediate-Scale Quantum (NISQ)
devices. However, they can still surpass classical computers on
suitable and relevant problems.

The limitations of NISQ_computers have motivated Hy-
brid Quantum-Classical (HQC) algorithms to be developed,
in which the algorithm benefits from the advantages of both
devices. The general working scheme of HQC algorithms is
as follows: First, some parametrized circuit is passed to the
quantum computer. Then, through measurements, the desired
quantity, e.g., the expectation value of a Hamiltonian, is com-
puted and passed to the classical computer. According to some
updating algorithms and the computed value, new parameters
are calculated and passed back to the quantum circuit. This
loop continues until a threshold to obtain the desired result is
reached.®

In the context of computational chemistry, the Variational
Quantum Eigensolver (VQE) has been one of the first pro-
posed HQC algorithms.® In the next section, the VQE will be
explained in detail.

Variational Quantum Eigensolver (VQE):

The main idea of the Variational Quantum Eigensolver
(VQE) is the Variational Principle®® Algorithms obeying the
variational principle are guaranteed to provide upper bounds
for the true ground state energy (Ags ):

(W(O)|H|(0)) = Ag = 246

Thus, the parametrized state (0) can be optimized to re-
turn the minimum value of 4,.

The VQE algorithm consists of four steps:

1. Mapping to a Hamiltonian: Map the ground state problem
to a Hamiltonian represented as a sum of Pauli strings. Pauli
strings consist of consecutive operations with Pauli matrices,
which are easily implementable gates on a quantum computer.

where 4; are coefficients and P; are Pauli strings.

H=Zhia
i
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2. State Preparation: A trial wave function, which is parame-
trized (|¢(0))) is prepared on the quantum computer. This
wave function can be chosen according to the properties it
should display, for example the Hartree-Fock wave function
might be used as a trial. Then, a unitary operator that is also
parametrized (U(0)), which is generally hard to implement
classically, is applied to the trial wave function. The unitary
depends on the choice of ansatz. In choosing the ansatz, two
main approaches are seen:

a) Hardware-Efficient Ansitze (HEA): HEA makes use of
the hardware of quantum computers to prepare states by se-
quences of single and two-qubit operations on the computer.
The reason these ansitze are called hardware efficient is that
they consider the connectivity specifications of the hardware,
building a circuit that is realizable with the specific hardware.
However, making the circuit hardware efficient requires ex-
ploring a bigger portion of the Hilbert Space, resulting in a
higher circuit depth.?® The high number of operations require
error mitigation, making the algorithm more noise-prone.

b) Physically Motivated Ansitze (PMA): Physically Mo-
tivated Ansitze are techniques based on exact wave function
approximation techniques. A widely used example of PMA is
the Unitary Coupled Cluster, which is an ansatz that uses the
unitary operator e approximates the wave function,

where T is the cluster operator which was explained in
detail.  Although it is intractable to simulate the opera-
tor classically, unitary operators such as this one are easy to
simulate on quantum computers. However, as the ansatz is
"agnostic" to the hardware,? the circuit depth needed to im-
plement the ansatz on today’s limited hardware is large. Thus,
this ansatz may pose a problem for NISQ_devices. After the
proposal of UCC, new and improved PMA such as Qubit
Coupled Cluster (Coupled Cluster method built-in directly
in the qubit space), variations on UCCSD (Unitary Coupled
Cluster Singles Doubles), and ADAPT-VQE (VQE in which
the operators that are used are selected from a pool in each
step, growing the ansatz to optimize the algorithm) have been
proposed.”’”

State preparation is important, as the importance of correct
trial wave function choice has been highlighted in several re-
search. It has been proven that there are areas where the cost
function of the algorithm, i.e., an indicator of how good the
algorithm is, does not change much, causing the optimiza-
tion process to lengthen. These areas are referred to as "barren
plateaus.”” In these areas, the gradient of the cost function
exponentially vanishes. The choice of ansatz is essential to the
convergence of the cost function and avoiding the "barren pla-
teaus.”

Estimate the energy of the Hamiltonian by measuring the
expectation of the individual Pauli strings ((P;)) and sum these
terms up accordingly to estimate the energy of the Hamiltoni-
an due to the linearity of the expected value function. This is
called Hamiltonian averaging:

H=Zhil’i
i

3. Update the parameters, 0 classically, and repeat until the
energy converges. The optimization algorithms in this stage
are still subject to research, as there are a lot of limitations, such
as the effects of noise on the parameter space.®*®

H=> IxXiX; + VY + Iz Z:Z;

1)

Classical State
k K
95431 = 05 ) —ag; Optimization [¥)o

o Variational
U(G) Ansatz

Figure 6: Overview of VQE

An illustration of these steps can be found in Figure 6.

VQE is a promising area of research with a broad spec-
trum of application areas. For example, the company IonQ_
has partnered with Hyundai Motors to produce more efficient
Lithium batteries, and they are using VQE for the simulation
of the batteries.”

The following section will show an implementation of VQE
on a Lithium hydride molecule.

Implementing a Quantum Algorithm: Estimating the
Ground State Energy of LiH:

This section will explore the implementation of VQE using
different optimizers and ansitze. With this exploration, VQE
will be covered more deeply, touching on important limitations
such as the "barren plateau” problem and differences between
ansitze. Finally, VQE will be implemented on a real quantum
computer of IBM, ibmq_belem.

B Methods and Technical Details

Several implementations of VQE with varying ansitze and
optimizers were explored. Properties of different ansitze and
optimizers can be found below:

* Ansitze:

- UCCSD: Unitary Coupled Cluster Singles and Doubles
(UCCSD) is a PMA in which a unitary operator y = ¢-1"
used, where T is a cluster operator. When the
Singles and  Doubles variation is used, the cluster operator,

T is approximated as T~T, +7T,.

However, the hardware of NISQ devices has important lim-
itations, which pose problems in efficiently building a circuit
that accommodates the ansatz.

- Hardware-Efficient SU2 2-local circuit: Hardware-effi-
cient circuits leverage the quantum mechanical nature of the
quantum hardware. SU2 means “special unitary group of de-
gree 2,” which is a group that contains unitary matrices that
have the dimensions 2x2, and have their determinant equal to
1.%° Pauli rotation gates, e.g., Pauli X, are some members of the
SU2 group. The 2-local part indicates that two-qubit gates can
be used at maximum. This means the circuit will only contain
two-qubit CNOT gates and single-qubit rotation gates to
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operate on the wave function. The increased circuit depth in
these ansitze makes them more noise-prone.?

* Optimizers

- COBYLA: The Constrained Optimization by Linear Ap-
proximation (COBYLA) is a linear optimization algorithm
that does not use the cost function’s gradient (gradient-free).
In COBYLA, the actual optimization problem is approximat-
ed with a linear programming problem in each iteration. After
each iteration, the approximate problem is improved to better
estimate the actual problem.*

- SLSQP: The Sequential Least Squares Programming
(SLSQP) is a sequential programming algorithm, i.e., there is
a deterministic sequence of steps in the algorithm that opti-
mize the cost function according to the gradient.’>*?

- SPSA: The Simultaneous Perturbation Stochastic Ap-
proximation (SPSA) is a stochastic optimization algorithm.
The advantage of SPSA lies in the fact that with every step,
the parameters are changed in a "properly” random fashion,
hence stochastic, at the same time, therefore simultaneous
perturbation, which results in only two measurements of the
cost function needed regardless of the parameter count. SPSA
is designed to accommodate noisy measurements;** thus, it
proves useful in NISQ devices.

Different implementations of VQE and their purposes in
the research are outlined below:

* An Efficient SU(2) ansatz was implemented using the
three classical optimizers on two simulators, one noisy and one
ideal, to observe their susceptibility to noise.

* The convergences of these optimizers were graphed out to
see the "barren plateau” problem explicitly. The barren plateau
problem is the problem where the gradient of the cost func-
tion vanishes exponentially at an undesired point (the desired
point is the global minimum in this case). The number of steps
needed for convergence drastically increases as the algorithm
falsely decides on the global minimum at another point. The
system size and noise can cause the barren plateau problem.

* An Efficient SU(2) and a UCCSD ansatz were imple-
mented on a noisy simulator using a COBYLA optimizer to
observe the susceptibility of the ansitze to noise on a connec-
tion-wise unlimited hardware.

* An Efficient SU(2) and a UCCSD ansatz were imple-
mented on the ibmq_belem computer using a COBYLA
optimizer to observe the susceptibility of the ansitze to noise
on a connection-wise limited hardware.

* An Efficient SU(2) ansatz with COBYLA as the classical
optimizer was implemented on a noisy simulator. An informed
initial point was used for the ansatz in one optimization, while
a random initial point was used for the other. The purpose was
to see the difference setting an informed initial point makes, as
setting a poor initial point is also a driver of barren plateaus.*

Code Overview:

The VQE algorithm was implemented using Qiskit (0.37.0),
Qiskit Nature (0.4.2) and Qiskit IBM Runtime (0.5.0). For
mathematical operations and array manipulation, numpy was
utilized while matplotlib.pyplot was used for graphing. The
base code for the optimizers was inspired by the Qiskit Text-

book® and Documentation.’® The necessary packages are
imported below:

from giskit_nature.drivers import Molecule

from giskit_nature.drivers.second_quantization import ElectronicStructureDriverType,ElectronicStructure
MoleculeDriver

from giskit_nature.mappers.second_guantization import ParityMapper

from giskit_nature.converters.second_quantization import QubitConverter

from qiskit_nature.problems.second_quantization import ElectronicStructureProblem

from giskit_nature.transformers.second_quantization.electronic import ActiveSpaceTransformer
from giskit.algorithms import NumPyMinimumEigensolver

from giskit_nature.algorithms import GroundStateEigensolver, NumPyMinimumEigensolverFactory
from giskit.algorithms.optimizers import SLSQP, COBYLA, SPSA

from giskit.providers.aer import QasmSimulator, StatevectorSimulator

from giskit.circuit.library import EfficientSU2, TwoLocal, SXGate

from giskit_nature.circuit.library import UCCSD

from giskit.algorithms import VQE

import matplotlib.pyplot as plt

import numpy as np

from time import time

Then, the initialization function for the LiH molecule at
different interatomic distances is defined. The PySCF driver is
used to interface Qiskit with the corresponding computational
chemistry program.

distance_array = np.arange(0.5, 4.0, 0.1) #List for different interatomic distances in the LiH molecule

def initializeMolecule(distance): #initializing the molecule with a specific interatomic distance
moleculeLiH = Molecule(
geometry=[["Li", [0.0, 0.0, 0.0]], ['H", [0.0, 0.0, distance]]], charge=0, multiplicity=1

)
driverLiH = ElectronicStructureMoleculeDriver(
moleculeLiH, basis="sto3g", driver_type=ElectronicStructureDriverType.PYSCF #PYSCF Interface
or HF Solutions

return driverLiH

After the initialization, the function to convert the mole-
cule into an ElectronicStructureProblem, a "problem" object
that is "solvable" with Qiskit, should be defined. During the
conversion, the molecule is transformed using the active space
transform, and the explored space is limited to its active space.
The active space includes the orbitals that are/can be partially
occupied (active orbitals). For the LiH molecule, as 2 of the 4
electrons stay in the 1s orbital of Li, not contributing to the
bonding, that orbital (core orbital) is disregarded, along with
the 2 electrons, leaving the other two. Three molecular orbitals
are chosen to consider, as more than three would result in >5
qubits, and less would result in reduced accuracy. As the acces-
sible quantum computer for this research had five qubits, this
transform was chosen. The molecular orbital diagram of LiH
can be found in Figure 7:

/]\
Lits \ \
| f

Li1
h

LiH

Figure 7: MO Diagram of LiH37

active_space_transformer = ActiveSpaceTransformer(
num_electrons=2,
num_molecular_orbitals=3,

def problemize(driver):
es_problem = ElectronicStructureProblem(driver, [active_space_transformer])
return es_problem

The Hamiltonian should be mapped onto qubits to tackle
the problem on a quantum computer. To reduce the number
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of qubits needed by exploiting the symmetries in the Hamil-
tonian (2 qubit reduction), the parity mapper is used to define
the converter.

qubit_converter_parity = QubitConverter(mapper=ParityMapper(), two_qubit_reduction=True)
#exploit sy ies for a reduction by two qubits

The qubit operator and the electronic structure problem are
defined for each interatomic difference defined before (0.5,
0.6,...,3.9).

op_list =]
es_list=[]

for i in distance_array:
driver = initializeMolecule(i)
es_problem = problemize(driver)
sqops_es = es_problem.second_q_ops()
hamiltonian = sqops_es[0]
qubit_op = qubit_converter_parity.convert(hamiltonian, num_particles=es_problem.num_particles)
op_list.append(qubit_op)
es_list.append(es_problem)

Then, the exact ground state energies should be found as
reference values. The energies found with the code are not the
full ground state energies but the reduced electronic energy.
The energy extracted with the active space transform and nu-
clear repulsion energies can be found later and are easier to
compute.

np_solver = NumPyMinimumEigensolver()
np_results =[]
np_energies = [|
for i in range(len(distance_array)):
np_result = np_solver.compute_minimum_eigenvalue(op_list[i])
np_results.append(np_result)
np_energies.append(np_result.eigenvalue)
print("Interatomic Distance:", distance_array[i], "Exact Energy:", np_energies[i])

Now, the noisy and ideal simulators, i.e., QasmSimulator
and StatevectorSimulator, are used to simulate the Efficient
SU(2) ansatz with COBYLA, SLSQP, and SPSA optimizers.
First, the ansatz should be defined. By default, three repetitions
of the rotation and entanglement block are used, resulting in
32 parameters. The ansatz is drawn after initialization. As it
is seen in Figure 8, the ansatz consists of single qubit Ry, Rz
rotation gates and CNOT two-qubit entanglement gates:

HEansatz = EfficientSU2(num_qubits = 4, entanglement = "linear")
HEansatz.decompose().draw('mpl', style="igx')

Figure 8: 4 Qubit Hardware-Efficient SU2 2-Local Circuit Ansatz

There are 32 parameters, 6o,01,...,031, that will be classically
optimized. An initial point is defined as one whose dimensions
are equal to the number of parameters. For better results, this
initial point can be determined from prior knowledge and de-
fined as a closer point to the optimal point.

#Defining A Random Initial State
num_parameters = HEansatz.num_parameters
np.random.seed(24) #reproducibility

init = np.random.random(num_parameters)

After that, the optimizers are defined as follows:

= 500), COBYLA = 500), SLSQP(maxiter = 500)]

#Defining the Optimizers to be Used
imi = [SPSA i

Then, a callback function is defined to monitor convergence
and the arrays to store the intermediate values.

#Defining A Callback Function To Monitor Convergence
evals =[]
energies = []
def vge_callback(num_evals, parameters, energy, stdev):
evals.append(num_evals)
energies.append(energy)
#Defining Arrays to Store Different Callback Results (wrt Optimizers)
callback_cnts = [np.empty(len(distance_array), dtype = object)]*len(optimizers)
callback_engs = [np.empty(len(distance_array), dtype = object)]*len(optimi

Then, the energies are computed:

HE_energies=[[],[1,[1]
times =[]
1 = time()
for j in range(len(optimizers)):
vge = VQE(ansatz = HEansatz, optimizer = optimizers]j], quantum_instance = QasmSimulator(), initial_
point = init)
print("Using",optimizers[j])
for i in range(len(distance_array)):
print(i)
result = vge.compute_minimum_eigenvalue(op_list[i])
HE_energies][j].append(np.real(result.eigenvalue))
print("Interatomic Distance:", distance_array[i], "Estimated Energy:", result.eigenvalue, "Exact Energ
y:", np_energies[i])
12 = timel
times.append(t2-t1)

Finally, the results are graphed.

#Plot the comparison with exact energies
plt.plot(distance_array,HE_energies[0], color = "blue", label = "HE(SPSA)")
plt.plot(distance_array,HE_energies[ ], color = "green”, label = "HE(COBYLA)")
plt I _array,HE_energies|[2], color = "black”, label = "HE(SLSQP)")

plt.plot(distance_array,np_energies, color = "red", label = "Exact energies")

plt.xlabel("Interatomic Distance")
plt.ylabel("Ground State Energy")

plt.legend()
plt.show()

Then, the convergence of each optimizer was monitored
when computed using an arbitrary interatomic distance, 2.4
Angstrom. The convergence was graphed.

optimizer1 = SLSQP(maxiter= 500)

vge_mconv1 = VQE(ansatz = HEansatz, optimizer = optimizer1, callback = vqe_callback, quantum_insta
nce = QasmSimulator(), initial_point = init)

evals =[]

energies = [] #reselfing

result1 = vge_mconv1.compute_minimum_eigenvalue(op_list[19]) #79 is just an arbitrary choice

SLSQP_cnts = np.asarray(evals)
SLSQP_engs = np.asarray(energies)

plt.plot(SLSQP_cnts, SLSQP_engs, label = "SLSQP")
plt.axhline(y=np_energies[19], color="r’, linestyle="--' label="Exact")
plt.xlabel("Evaluation Count")

plt.ylabel("Energy")

pit.title("VQE convergence for SLSQP")

plt.legend()

plt.show()

The remaining implementations of VQE can be achieved
similarly, and the corresponding code will not be included for
brevity purposes.

B Results and Discussion

Noise Susceptibility of Optimizers:

A Hardware-Efficient ansatz was used to compare the noise
propensities of the optimizers COBYLA, SLSQP, and SPSA
(Unless noted otherwise, the HEA with a linear connectivity
scheme in Figure 9 will be used afterward).

Figure 9: HE Ansatz with a Linear Connectivity Scheme

Each optimizer was given a maximum iteration limit of 500.
The performance of each optimizer can be found in Figure 10:
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Figure 10: Performance of Optimizers According to Interatomic Distance.
SPSA resulted in improved converges compared to SPSA, COBYLA,
SLSQP.

SLSQP has performed more poorly than the other optimiz-

ers, while SPSA has performed the best. As is seen in Figure
11, although SLSQP converged steadily in the ideal simulator,
it was not able to converge on the noisy simulator. This can
be mostly attributed to a noise-induced barren plateau, as the
optimizer decided that the value has converged with an er-
ror percentage of =72.6% and stopped iterating even before
the 35th iteration. Figure 12 shows a similar but less drastic
error has happened using COBYLA. In the ideal simulator,
COBYLA has not decided on convergence, but it was cut off
by the number of maximum iterations allowed. In the noisy
simulator, COBYLA did not even reach 250 iterations and
decided on a value with an error percentage of ~41.3%. SPSA,
an optimizer designed to accommodate noise, performed the
best in the noisy simulator. From Figure 13, although not fully
converging in the ideal simulator, due to the limit on maxi-
mum number of iterations, SPSA has performed better than
the other optimizers on the noisy simulator, being cut off by
the maximum number of iterations at a value with an error
percentage of =5.5%. SPSA proved to be the most noise-prone
optimizer, while SLSQP proved to be the least.
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Figure 12: Ideal vs Noisy COBYLA
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Figure 13: Ideal vs Noisy SPSA

Results: Noise affected the convergence of SPSA signifi-
cantly less than COBYLA and SLSQP.

Importance of Setting an Initial Point:

In the previous subsection, all the VQE algorithms started
from a randomly chosen initial point. However, it is known
that a poor selection of the initial point can also induce barren
plateaus.”® This initial point can be the HF solution, which
is easier to find, etc. This subsection will explore the perfor-
mance improvement in COBYLA when an informed initial
point is set. The initial point used is found from running the
algorithm with SPSA, which has 250 as the maximum number
of iterations.

As seen from Figure 14, when an informed initial point
was given, the error percent was reduced from =27% to nearly
~3%. An important thing to notice is that this error percent-
age is less than the error percentage of SPSA performing on a
noisy simulator. Moreover, the total optimization time of find-
ing the initial point with the SPSA and finding the optimal
point with COBYLA is drastically less than full optimization
with SPSA, with the former being around 75 seconds and the
latter being around 100 seconds. Using each optimizer to al-
leviate their strengths can be a favorable choice. Here, SPSA
was used to evade noise-induced barren plateaus early in the
optimization, and COBYLA was used for fast convergence to
finish the optimization.

Energy convergence for COBYLA

— COBYLA with HEA (informed inital point)
COBYLA with HEA (random inital point)
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Figure 14: Informed vs Random Initial Point with COBYLA Optimizer

Results: An informed initial point significantly improved
convergence for COBYLA.

Observing the Difference Between Ansiitze:

Theoretically,  physically-motivated  ansitze  should
experience less noise and need less circuit depth than hard-
ware-efficient ansitze. However, in practice, the connectivity
limitations of computers can make a difference, as the number
of CNOT gates needed to implement an arbitrary entangle-
ment scheme can increase due to the connectivity limitations.
To observe this difference, a VQE with COBYLA as the
optimizer was run with an Efficient SU2 ansatz, which ac-
commodates the limitations of ibmq_belem, and a

35
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hardware-agnostic UCCSD ansatz. The ansitze can be seen

in Figure 15:

Figure 15: Hardware Efficient vs Physically-Motivated Ansatz(excerpt)

More specifically, the former ansatz has its rotation gates
as the RZ and X gates (the SX gate was not included for the
sake of simplicity) and the entanglement gate as the CNOT
gate. Also, the entanglement scheme obeyed the "pyramidal"
connectivity scheme of ibmq_belem, as seen in Figure 16. The
UCCSD ansatz did not follow this scheme. For example, the
entanglement between g2 and q3 would not be possible on

ibmgq_belem.

Figure 16: Connectivity Scheme of ibmq_belem

On the QasmSimulator, the UCCSD ansatz performed a
lot better than the HEA, as expected, because the ansatz has
a chemical intuition behind it and needs to span less of the
Hilbert Space to find the optimal solution. The convergence
graph can be seen in Figure 17. On the simulator, the error
percentage for the HEA was =19%, while it was =3% for the
UCCSD ansatz. When the connectivity limitations came in
and the algorithm was run on ibmq_belem, the error percent-
age for the HEA rose to =* 31%. In comparison, the error
percentage for the UCCSD ansatz rose to ~61%, becoming
nearly twice of HEAs.

Moreover, the time UCCSD took was =94 seconds more of
the hardware-efficient ansatz’s, the former being =1190 sec-
onds and the latter being =1094 seconds. Thus, with limited
connectivity, UCCSD ansitze tends to perform more poorly,
causing the need for Hardware-Efficient Ansitze. An import-
ant thing to note here is that the accuracy is relatively low in
both ansitze, which can be attributed to the far-from-ideal
hardware used in this experiment. More error mitigation and
better connectivity would be essential for useful computations.

Energy convergence for COBYLA
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Figure 17: Convergence of UCCSD Ansatz with COBYLA

B Summary of Results

Both components of VQE, i.e., classical optimization and
quantum computational ansitze, are ongoing topics for re-
search. The experiment that was discussed demonstrated how
different ansitze and classical optimizers affect the results of
the VQE. This research has demonstrated several aspects of
barren plateaus, such as its various causes, i.e., noise and poor
initial point selection, and the effect of different ansitze and
optimizers on their occurrences. SPSA, a noise-prone optimi-
zation algorithm, was able to overcome noise-induced barren
plateaus. On the contrary, SLSQP and COBYLA experienced
barren plateaus. Now, it is valid to ask why COBYLA, a gra-
dient-free algorithm, experiences barren plateaus if barren
plateaus occur with the exponential vanishing of the gradient.
It has been found that, for gradient-free optimizers such as
COBYLA that work according to the difference in two points
of the cost function, barren plateaus are still a problem since
the difference between points also vanishes exponentially.*’
Thus, COBYLA was also subject to barren plateaus along
with SLSQP.

Along with this, SPSA took more time for optimization, and
combining different optimizers/using optimizers with con-
scious initial points proved to provide faster and more accurate
computation. It was shown that in a noisy but fully connected
hardware, UCCSD ansatz greatly outperformed the Efficient
SU2 ansatz. Still, in a connectivity-wise limited hardware, the
Efficient SU2 ansatz outperformed the UCCSD ansatz. It was
demonstrated that hardware limitations, such as noise, con-
nectivity, etc., are important obstacles in front of the quantum
revolution in computational chemistry and, more generally,
quantum computing. Ongoing research on both sides, the
hardware and the software (e.g., ansitze and optimizers), can
result in more accurate and faster chemistry calculations in the
future.

Quantum Algorithms Versus Algorithms on Classical
Computers:

It is seen that solving for the ground state of the Lithium
hydride molecule numerically is better than the VQE algo-
rithm in terms of accuracy, and the time needed is relatively
low. Now, a question may arise: Why is VQE used? Although
the empirical results may be deceptive in terms of the perfor-
mance of VQE, it should be kept in mind that the advantage
of quantum computers arises in more complex systems. The
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* This specific excerpt of the ansatz can be accommodated by using the last four qubits
instead of the first four, but the whole ansatz includes other connections that make it
impossible to directly implement on ibmq_belem
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memory and time complexity of methods on classical com-
puters grow exponentially with the system size, whereas the
same qualities grow polynomially in quantum computers. The
reason is that an n-qubit system can be used to represent a
Hamiltonian with a size exponential to the system size, as the
n-qubit system can produce 2" states; however, this is not pos-
sible on classical computers due to the nature of bits.

In the experiment discussed above, a quantum simulator
with five qubits is used. Considering that Google was able to
demonstrate the quantum advantage with 53 qubits in 2019%%,
it is natural that our quantum algorithm ran on a 5-qubit
quantum computer did not surpass a classical method. How-
ever, the comparison between optimizers and ansitze in the
experiment, combined with theoretical knowledge, provides
accurate insight into the limitations of different methods
while implementing VQE.

B Future Directions

As technology develops, lots of new application areas for
quantum computational chemistry will occur. Promising areas
of employing computational chemistry include drug discovery,
simulating proteins and how they bind with each other, simu-
lating the 3D potential energy surface of molecules, increasing
energy efficiency through simulating materials such as batter-
ies, etc. Let’s dive into how quantum computers will affect the
field of drug discovery and energy efficiency.

Quantum Computing in Energy Efficiency:

Automotive industry giants, e.g. Daimler and Hyundai, are
partnering with quantum computing companies such as IBM,
and IonQ, trying to improve the capacity and performance
of batteries for electric vehicles (EVs). For example, on 20th
January 2022, Hyundai announced its partnership with IonQ.
Peter Chapman, CEO and president of IonQ, explained the
rationale behind the partnership with quantum computers: it
becomes possible to ensure that one is extracting maximum
efficiency and eliminating sources of potential waste. Hyundai
is looking to optimize their lithium compound batteries with
the assistance of quantum computers, and IonQ’s device has
recently outperformed all other devices tested in a series of
benchmarking tests run by industry consortium QED-C and
which is currently in private beta.*!

Quantum Computing in Drug Discovery:

Protein simulation is essential in discovering new drugs.
However, simulating proteins and their folding are hard
problems for classical computers due to limitations revolving
around tasks such as sampling and simulating possible protein
conformations (configuration of amino acids) as the number
of possible combinations increases exponentially with the
number of amino acids. These limitations can be overcome us-
ing quantum computers. In the long term, quantum computers
are hypothesized to help form structure-related hypotheses in
Computer-Aided Drug Design (CADD). For short-term ap-
plications, quantum computers are envisioned to assist CADD
by increasing the accuracy of protein models.*

Researchers have taken on this task by forming a Hamil-
tonian, including the superposition of all possible physically
meaningful conformations, and sampling the Hamiltonian
statistically to find the most stable conformation.** Using a

modified VQE called CVaR (Conditional Value-at-Risk)
VQE, which can be applied to any polymer and not just pro-
teins, they have simulated Angiotensin, a protein that increases
blood pressure and is made up of a ten amino-acid chain, with
22 qubits, and a neuropeptide that is made up of a seven ami-
no-acid chain with 20 qubits efficiently.**

On the other hand, only a small number of amino acid
chains can be simulated on NISQ_devices. Researchers have
proposed an algorithm for finding stable conformations with
FTQC, using a well-known purely quantum algorithm called
Grover’s Search, which provides an exponential speed up to
unstructured search problems. The time complexity of the al-
gorithm is o (%).

where NV is the number of possible states, in this case, confor-
mations, and M is the number of states that are the answer
to the problem. In contrast, the time complexity of a classical
algorithm for unstructured search would be 0<\/§),44

However, the proposed algorithm cannot be yet imple-
mented due to the hardware-related limitations of quantum
computers.

One of the most prominent future applications of quantum
computers is the simulation of substances ranging from batter-
ies to proteins. These simulations can enhance the quality of
human life, both industrially and biologically, increasing effi-

ciency in most material-related tasks.

B Conclusions

Finding the ground state energy of molecules is crucial in
predicting and understanding their behavior. To accomplish
this, purely mathematical techniques come short, and compu-
tational chemistry is needed. However, as humanity is reaching
the limits of classical computers, a considerable list of compu-
tational chemistry tasks still remains intractable on a classical
computer. To perform these tasks, quantum computers, which
significantly reduce the effect of the system size on the task,
are starting to be utilized.

Quantum computers are in an early era, the Noisy Inter-
mediate-Scale Quantum (NISQ) Era, where the capabilities
of quantum computers are significantly limited compared
with the capabilities of Fault-Tolerant Quantum Comput-
ing (FTQC). Although this is the case, NISQ-era devices
can still outperform classical computers at specific tasks with
specific algorithms. An example is using the VQE algorithm
for ground state estimation, which was discussed in detail in
this paper. Although the algorithm is promising, there are
significant obstacles to overcome. Nevertheless, the field of
computational chemistry has gained considerable room for
improvement with quantum computers. If this opportunity is
seized, exciting news is awaiting humanity.
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