ijhighschoolresearch.org

[JHSR

Comparing the Relativistic Trajectory of a Particle Through a
Dipolar and Quadrupolar Magnetic Field

Gabriel F. Benning
Okaw Valley High School, 709 South Saint John Street, Bethany, Illinois, 61914, USA; gabeb1967@gmail.com

B RESEARCH ARTICLE

ABSTRACT: Awareness of the differences in particle motion through dipolar and quadrupolar magnetic fields is vital when
understanding what may occur in and around a celestial body. Astronomers need to be able to simulate particles and know what
to expect with these different fields. They cannot just look through a telescope and know precisely what is happening. This paper
aims to identify and record those differences. Utilizing the Boris algorithm, I will first go through two simple test cases that test
the accuracy of the code. These simple test cases include uniform electric and magnetic fields. Then, I will move on to show the
dipolar field and then the quadrupolar field. After that, I will compare the two and examine their important differences. These
differences show themselves when putting a particle at the same point in both fields with the same initial conditions and plotting
their trajectories. Through researching these differences, I found that quadrupolar magnetic fields have a greater effect on particles
within them when compared to dipolar magnetic fields. In both cases, the particles follow the magnetic field lines and gyrate
around them well. However, the particles are generally confined to a smaller area for quadrupolar fields.
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B Introduction

Astronomers cannot tell what is truly occurring around an
object just by looking at an image. That is where particle pusher
codes come into play. By using particle pushers, one can accu-
rately simulate how charged particles interact with an object,
which can explain or predict various phenomena around celes-
tial bodies. They are vital for understanding what is occurring.
The small scale of a particle matters just as much as the large
scale of a celestial object. It is especially important to account
for relativity in these codes. Particles around massive objects,
even smaller massive objects such as the Sun, are accelerated
to relativistic speeds." So, without accounting for relativity, the
model will be completely wrong.

To code this relativistic trajectory, I used the Boris algo-
rithm.> The Boris algorithm is very good at capturing the
gyration of a particle around a magnetic field line. Gyration is
a main component of a particle’s trajectory through a magnetic
field. So, this gyration motion is crucial for accurately plotting
the trajectory of a particle through magnetic fields, especially
complex fields such as a quadrupolar field. The accuracy of my
code will be tested with two different analytical solutions by
using their particle energy, or Lorentz factor (y), values: uni-
form magnetic field and uniform electric field. The Lorentz
factor is defined as ¥ = J%ﬁ, where v is the velocity and ¢ is

c2

the speed of light. The Lorentz factor is being used to test ac-
curacy since it is a key aspect of relativistic motion, and it is
quite easy to compare its values obtained analytically and nu-
merically. Precision is key with these complex magnetic fields,
so the code must be as accurate as possible.

The two complex fields I will compare are a dipolar mag-
netic field and a quadrupolar magnetic field. A dipolar field is
how many stellar bodies’ fields are modeled, such as the Earth
and the Sun. However, there are instances where higher pole
count models are needed. These instances include but are not
limited to star formation and mass accretion.>* Also, with
findings from NICER, neutron stars have been found to have
multipolar magnetic field components.5 To determine what is
happening in and around a stellar body, we need to differenti-
ate between dipolar and quadrupolar magnetic fields and how
they affect a particle within them.

B Methods
Every test covered in this paper involves particles moving
through electromagnetic fields. For such tests, the relativistic

equations of motion are
du — i
S=LE+vxB)(1)
and

dx
Z=v(@)

where ¢ is the charge, x the particle position, y the Lorentz
factor, E the electric field, B the magnetic field, and = yv the
vector of relativistic momentum divided by the particle’s mass
m.

My research was conducted through numerical trajectory ex-
periments using Python. I used the Boris method to compute
the trajectories in this research. The Boris method is a very old
but well-trusted particle integrator, and the steps about to be
shown directly correlate with the steps used in the numerical
algorithm. Also, you will notice that the electric field accelera-
tion steps are split into a first half and a second half. This is due
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to the Boris algorithm using a leap-frog method, essentially
meaning that the position of the particle at a midpoint in time
is used to push the particle’s velocity forward, and then the
velocity at the same staggered point in time advances the posi-
tion." Hence, leap-frog method. The Boris method defines the
average velocity in time as

— uttlpyn
v =

ot O

where n represents a discrete computing time step, At.

Then there is the inversion step,® which is split into 3 sep-
arate steps:

- First-half electric field acceleration:

- _ qAt n+t
u —u"+EE(x 2) 4)

- Rotation step that captures the gyration movement of the
particle:

ut=u" + (u” + @ Xt))Xs(5)

-Finally, there is the second half electric field acceleration:

41 _ g+ g 98t (il
u™l =y +EE(x 2)(6)

. 1
In the rotation step, t =B (x™'z)qat/(@my™), s = 2t/(1 +1t2),

and then vy~ =1+ @ /)2 =y* =1+ @*/c)2=y".

As I mentioned in the introduction, there are two analytical
cases in which the code has been compared for accuracy by
looking at their error in y. There is the uniform electric field
and the uniform magnetic field test cases.

Uniform FElectric Field:

A uniform electric field is a field where an electric force ac-
celerates a particle in one direction, and there is no magnetic
field (B = 0.) To perform the test, analytical solutions must be
derived first. You can derive them from Equations (1) and (2).
Solving them, with the initial condition of B=0, you get:'

Xan(®) = "= Yan(6) = D7)

and

qE t
m Yan(t)

In the analytical solutions, ¥4, = /1 + (qEt)%/(mc)?.

To set up the test, I initialized a particle at x(t = 0) = (0,0,0)
and v = (0,0,0) with the electric field being E = (E,,0,0). This
will cause only the velocity in the x direction to increase uni-
formly. Both equations had a time step of 0.1 and 0.01 for
Figure 1a and Figure 1b, respectively. The simulation ran the
equations 1000 times. As you can see from Figure 1a and Fig-

ure 1b, the error in y, defined as _W_V“n',
Yan

(8)

Vy,an(t) =

is only due to truncation error since the error improves as the
time step decreases. So, the error is essentially 0.
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Figure 1b: Relative error in y for
the uniform electric field test with a
timestep of 0.1. As you can see, this
plot shows a lower error than Figure
1a.

Figure 1a: Relative error in y for
the uniform electric field test with a

timestep of 0.1.

Uniform Magnetic Field:

Testing the y values in a uniform magnetic field is simpler
than testing them in a uniform electric field. Because the mag-
netic field performs no work on the particle, y will remain
constant. Furthermore, the gyro radius will also be constant
since y is constant." You can see this relationship from the
equation the gyro radius is derived from:

ymvy
Re ="l @

To set this test up, I initialized a particle at x = (0,0,0) and
had it start with a velocity v = (v1,0,0). The magnetic field was
set to B = (0,0,B;) with a time step of 0.1.1 then had the code
run the equations 10,000 times. As you can see from Figure 2,
the gyro radius was conserved. So, y was conserved.
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Figure 2: Trajectory in the x — y plane for the uniform magnetic field test.
There is practically no change in the gyro radius of the particle. So, y was
conserved, and the code is accurate.

Dipolar Field:

A dipolar field is how quite a few astronomical objects’ mag-
netic fields are modeled, such as the Earth’s. Dipolar simply
means it has both a north and south pole. A dipole has a very
distinct shape consisting of all the field lines converging onto
the poles, which also helps see if the code for the dipole is
implemented correctly. A dipole can be represented by this
equation:1

B(r,0) = 5 [2cos6# + sin(6)8] (10)

where M is the dipole moment, r is the distance from the
dipole’s center, 0 is the angle from the dipole axis, and its

63

DOI: 10.36838/v6i5.10



ijhighschoolresearch.org

orientation in space aligns with the z-coordinate axis. To im-
plement this field into the Boris algorithm, this equation must
be converted to the Cartesian coordinate system. Performing
this conversion gives you the following.

B(x,y,2) = — 2 [3zx% + 3zy9 + (222 — x2 — y?)2] (11)
@2+y%+z2)2

After implementing this into the code, the field lines in the
x —z plane look like this:
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Figure 3: Field lines of a dipole in the x — z plane.

Figure 3 demonstrates the distinct shape I mentioned ear-
lier. To further show off the dipole field, I initialized a particle
atx = (1,1,1) with a velocity of v = (0.1,0,0.1) with the dipole
moment M = 40 and a time step depending on what I wanted
the plots to demonstrate. The equations were performed by the
code 10,000 times.

Figure 4a: (At=0.385) 3D particle ~ Figure 4b: (At=0.003) 3D particle
trajectory through the dipolar field.  trajectory around one of the dipole
The particle travels around the entire  field lines. This shows the gyration
field, gyrating around each field line. ~ ©f the particle clearer than Figure
4a. The gyration gets faster as the
particle approaches the poles.

-2

Figure 5: (At=0.385) 2D trajectory of a particle through the dipolar field in
the x —y plane. This plot further shows the overall movement of the particle

in a dipolar field.

As you can see from all three figures (Figure 4a, Figure 4b,
and Figure 5), the particle gyrates faster and faster as it ap-
proaches either the north or south pole. This reflection effect
is an expected behavior. The magnetic force gets stronger the
closer the particle is to a pole, which causes the faster gyration.
Also, notice how the particle does not stay on the same field
line but drifts around the dipole.

Quadrupolar Field:

A quadrupole is a type of multipole containing four poles.
These are of increasing interest because several celestial objects
are being discovered to have quadrupolar field properties.*> ”
Quadrupoles also have a very distinct shape. They look like a
dipole but doubled. A quadrupole can be represented by this

equation:8

B(1,6,¢) = r% [—(35in? 6 cos? ¢ — 1)7 + sin2 0 cos® ¢ § — sinf sin2 ] (12)

Where M is the quadrupole moment; r, 6, and ¢ are standard
spherical coordinates; and its orientation, just like the dipole, is
aligned with the z-axis. Also, like the dipole equation, this must
be converted to the Cartesian coordinate system:

xil 2
B(x,y,z) = :l—,, (L + mcosr—fmsg — 2sin@ sin® ¢ cosep | %

r

3x°

3x? 2
1% 1 2 z 1 i
+( ﬁr—— + 2yz coi2¢cas{9 + 25in95in¢ COSZ ¢) f’ + ( 7z 2xsmecos€cos¢) 2 (13)

Withr = x2+y2+ 22,0 = arccos f—_ and ¢ = arctan 2 (y, x).

When this equation is implemented, the field lines in the
x —y plane look like this:
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Figure 6: Field lines of a quadrupolar field in the x — y plane.
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Figure 6, similar to Figure 3, shows the distinct shape of
the field. Before I compare, here is another plot showing off
the aspects of a quadrupole where x = (1,1,0), v = (0.1,0.1,0.1),

quadrupole moment M = 40, and the At=0.01. The code also
performed the equations 10,000 times.
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Figure 7: Trajectory of a particle through a quadrupole when initialized
atx = (1,1,0) with v = (0.1,0.1,0.1). This plot has an overall similar trajectory
similar to the dipole plots (Figure 4a, Figure 4b, Figure 5.)

Figure 7 looks fairly similar to the plots of a particle’s tra-
jectory through a dipole. It follows the field lines and gyrates
along them. The large differences do not show themselves un-
til more extreme conditions are applied.

B Results and Discussion

The overall movement of the particle in either the dipolar or
quadrupolar field is very similar: the particles follow the field
lines and gyrate around them, gyrating faster as they approach
one of the poles. Let us look at their differences, though. For
all the plots in this section, the Az=0.01, M (dipole and quad-
rupole moment) = 40, and equations were performed 10,000
times.

Figure 8a: Trajectory of a particle
through a dipole starting at x =
(1,1,0) with v = (0.3,0.5,0.1). Notice
how the particle is allowed to go
through nearly half of the field.

Figure 8b: Trajectory of a particle
through a quadrupole starting at x =
(1,1,0) with v = (0.3,0.5,0.1). Notice
how the particle is contained to a
fraction of the entire field.

—— Dipole
—— Quadrupole

Figure 8c: Figure 8a and Figure 8b shown on the same plot to aid in

discerning their differences.

Figure 9a: Trajectory of a particle
through a dipole starting at x =
(1,1,1) with v = (0.4,0.3,0.1). The
trajectory takes a very clean and
elegant shape.

Figure 9b: Trajectory of a particle
through a quadrupole starting at x
=(1,1,1) with v = (04,0.3,0.1). The
trajectory is very chaotic.

There are some noticeable differences already in these plots
(Figure 8a, Figure 8b, Figure 8¢, Figure 9a, Figure 9b.) The
paths in the dipole plots are much more uniform and elegant.
Only two poles act upon the particles, so not too much push-
ing and pulling occurs. The particles in the quadrupolar field
are pushed and pulled by four poles. This causes their trajec-
tories to be more chaotic and random. They still have some
general shape, but there are more outliers in the trajectories
of the particles in the quadrupolar field than in the dipolar
field. Another difference is that the quadrupolar field seems
to contain particles in a smaller area when compared with the
dipolar field. The plots show how the particle is kept to a much
smaller area in the quadrupolar field. The particles in the di-
polar field seem like they are on the path to going around the
entire field. The particles in the quadrupolar field are kept to a
slice of the whole field.

Figure 10a: Trajectory of a particle
through a dipole starting at x =
(2,3,1) with v = (0.1,0.7,0.1). The
particle fully shoots out of the field.

Figure 10b: Trajectory of a particle
through a quadrupole starting at

x (2,3,1) with v = (0.1,0.7,0.1). The
particle seems to drift far from the
field, but not fully escape.

Figure 11a: Trajectory of a particle
through a dipole starting at x =
(1,1,1) with v = (0.6,0.5,0.5). The
particle escapes the field.

Figure 11b: Trajectory of a particle
through a quadrupole starting at x
(1,1,1) with v = (0.6,0.5,0.5). There is
a lot going on, but it seems that the
particle does escape the field. But, it
takes more time than it did in Figure
11a
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The differences are quite noticeable again. In all the plots,
the high-speed particles escape the field, or they seem to get
to the outer reaches of the field. This is because the increase in
speed allows the particle to move very quickly to the outer and
weaker areas of the field, decreasing the field’s effect on the
particle and increasing its gyroradius. The increase in gyrora-
dius allows the particle to have a straighter trajectory so that it
can escape and get far out in the magnetic field. However, the
high-speed particles in the quadrupolar field are contained far
better than those in the dipolar field. In Figure 10a, the x-axis
goes past -60. On the other hand, in Figure 10b, the axis that
goes the furthest is the y-axis, which only reaches past -15.
Figure 11a and Figure 11b show similar results. The quadru-
polar field is not perfect at containing high-speed particles, but
it is better than the dipolar field.

B Conclusion

Using the Boris method, I compared the relativistic trajecto-
ry of a particle through two complex magnetic fields: a dipole
and a quadrupole. I first showed what the Boris method is and
then tested it with simple test cases: a uniform electric and a
uniform magnetic field. Both tests confirmed the code’s high
accuracy. I then showed what a dipole and a quadrupole look
like and briefly described them. After that, I moved on to com-
parisons.

Through the plots I have shown, it can be deduced that
quadrupolar magnetic fields have a more pronounced effect
on particles traveling through them when compared to par-
ticles traveling through a dipolar magnetic field. This greater
effect leads to a more erratic particle trajectory with quadrupo-
lar fields and allows quadrupolar fields to contain high-speed
particles better than dipolar fields can. Quadrupolar fields also
keep the particles within them in tighter areas than dipolar
fields (Figure 8a, Figure 8b, Figure 9a, Figure 9b.) All these
aspects might affect the radiation from a neutron star with a
quadrupolar field to come from a smaller area yet have more
complicated trajectories than when compared with radiation
from a neutron star with a dipolar field.
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