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The Prime Factorization of the Product of Consecutive
Factorials

Jimin Han?, Hyeonjong Jeong, Juan Lim
QSI International School of Shenzhen, 8 Tai Zi Road, Shekou, Shenzhen, Guangdong, 518067, China, jmhan9999@gmail.com

ABSTRACT: In this paper, we have generalized the numerous conversion steps into one equation to find the exponents of each
prime factor in the prime factorization of Ili=mk!,
where m,n are any positive integers and m<n. We have also expressed [I7.,k!using series notation with the
generalized equation to demonstrate possible applications of the equation.
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B Introduction LI:/J
A factorial (!) of a number signifies the product of 1 and p?

every consecutive pOSlthC 1nteger until thC SpCClﬁCd number. Continue this process until 0 comes out.

N'=1-2:3-4----N Adding the expressions yields the Legendre’s formula:
The prime factorization of a factorial of the number NV can lN J LI’VJ INJ
. . . a, = |—|+ — + - + -
be expressed as follows, where p,, indicates the prime factors of P 71 1p3

Nand a, indicates the corresponding exponent of each factor:

Nl = pfl .pg‘z . p;‘3 . ,‘pf“ . For instance, applying the Legendre’s Formula to 10! indi-
cates that
To find the values of a,, one can refer to Legendre’s formula,
also called de Polignac’s formula, a commonly used equation 10| (10| |10
> =|— — —|=5+2+1=8
for the prime factorization of a factorial.»* “ I2 J * l 4 J * l BI Tt
Doing so requires the use of the floor function. A floor func- We can verify this since 101=1-2-3+4-++-10=28-3+527.

tion (| ]) of a value denotes the largest integer smaller than or
equal to the value in the floor function and is commonly used
to find the quotient while excluding the remainder. | n
Now, when solving for a,, multiples of the prime numbers vp(nt) = 1; I?J'
that are less than or equal to NV must be considered. For in- B
stance, to find the value of @i, one would have to consider the
multiples of p1, the multiples of p? , the multiples of ,
and so on. If multiples of p; are  to be
counted once, then multiples of p? should be counted once
more, for the multiples of p?
would have two factors of  p1.
So, to count the multiples of p1, one could use the floor func-
tion in the following manner:

Number of multiples of p1 between 1 and V:

The generalized Legendre’s formula is as follows:

where v, the p-adic valuation®, represents the exponent of

)
the largestppower of the prime number p that divides 7!.

In this paper, using the process of Legendre’s formula, a gen-
eralized form is suggested to find the exponent of a certain
prime factor in multiple consecutive factorials." In fact, from
the superfactorial, which is explained in Section 8 “On the
factors of superfactorials” in “The Generalized Superfactorial,

Hyperfactorial, and Primorial functions™
sf(n) =1!-2!-31-4!-...-nl,

N
IEI the following expression is derived:
The.n, to find the multiples of p? ,one could use the vy (sf(m)) = i[ﬁ] (n+1—p—2k(L%J+1)>
following: =1
L,EI Furthermore, an advanced generalized form is proposed for
? finding the exponent of said prime factor in multiple consecu-

tive integers, which may not necessarily progress from 1 to V.
Similarly, one could use the following to find the multiples

of p}
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B Methods
In the form of

n
I—[k!=1!.2!.3!.4!.4...7«[]=p‘1’1.p;’2.p;‘3.p;’4....‘
k=1

the exponent of a prime factor of the prime factorization,
01,02,05...., can be found by using the following equation.
Note that a; and 4; are integers used in the calculations, and i

and k represent indices.

a;(a; +1 a(a, +1
a;=m+1)(a, +a, +)—(p}- st t1) o m )+‘-

2 pi 2 2)
had k
= Z“k ((n+ 1) _@)
k=1
where a; = EJ, and a = 22,

or a= L%J

in explicit form.
This formula is used to find the value of each a value.
For example, let the value of z be 1000:

11-21-31-41- .- 999! - 1000! = 2% - 3%2 . ...
To find the exponent of 2, start from ay:

1000
@ =|—|= 500

500

a =[] =250
250

a =[5 =125

125
%= lTJ =62

o ff]-s
(s
o[-
=
ol
ou o
e

@, = (1000 + 1)(500 + 250 + 125 + 62 + 31 + 15+ 7 +3 + 1)

2-500-501 2%2-250-251 23-125-126 2*-62-63 25-31-32 206-15-16 27-7-8
2 + 2 + 2 + 2 + 2 + 2 2
28.3.4 2°-1-2

2 + 2

+

) = 495562

Similarly, the steps to find the exponent of 3 are as follows:

1000
a = TJ =333

333
o=

111
a=|5]=3

o=
o[-0
ol
ol
e

@, = (1000 + 1)(333 + 111+ 37 + 12+ 4 + 1)
<3~333-334 32.111-112 33-37-.38 3%.12.13 35.4.5 36-1-2)

2 2 2 2 2 + 2

= 247263

4 11203141 ... 9991 . 1000! = 2495562 . 3247263 . ...

The exponent of the prime numbers can still be found even if
the list of factorials does not start from 1.
This can be represented in the form of

n
Hk!=m!‘(m+1)!-(m+2)!-(m+3)!-----n!=pf1-p;’2-pg3-pf“m
k=m

For this case, the exponent of a prime factor of the prime fac-

torization, Qi,0,05..., can be found by using the following
equation.

anp =

(ai(" +1)— bym — ww{)’

where al:EI a n dai=[%J,a n dblzlﬂ,.

For example, let the value of m be 251 and n be 667.
251! 252!- 253! ... 666! - 667!

To find the exponent of 2, begin by finding ai:

251
a; = ITJ =125

125

“2=IT=62
62

az = l?l=31
31

a=[z]=15
15

a=|7]=7
7

ag = EJ=3
3

a=[5]=1
1

ag = lEJ=0
0

a‘”_[i =0
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Then, repeat the above process for &;, starting from i=1:

667
b, = ITJ =333

333

by = TJ=166
166
b= || =83
83
by = I7J=41
41
by = I7J=zu
20
b= I7J=1o
10
b, = Iﬂ:s
5
b9= IEJ=2
2
by = H:l
1
b= H:o
0
bm:IEJ:O

333(333+ 1) — 125(125 + 1
a1=333(667+1)—125-251—( ( ) ¢ ))-2

2
166(166 + 1) — 62(62 + 1
+166(667 + 1) — 62 - 251 —( ¢ }2 ( ) "4
83(83+1)—-31(31+1
+83(667+1}—31'251—( ( )Z G ))-8

(41(41+ 1) — 1515+ 1))
2

200+ -7(7+ 1)) 2
2

(1010 + 1)2— 3(3+1)) 6

+41(667 +1) —15-251 — -16

+20(667 + 1) — 7-251—

+10(667 + 1) — 3251 —

(s(5+1)-1(1+1))
2
(2@2+1)-000+1))
2
(11+1)-0(0+1))
2

+5(667 +1) —1-251 - -128

+2(667 +1) —0-251 - 1256

+1(667 +1) —0- 251 — +512

= 189392,

Similarly, the steps to find the exponent of 3 are as follows:
a = lg] =222

222
a2 = lT] =74

o[-
o [4]-
N
e o
e o

Then, repeat the above process for &;, starting from 7=1:

251

b= |5-|=83
83

b, = l?l=27
27

b= l5]=0
9

bi=[3]=3
3

b= [3]=1
1

bo= 5] =0
0

bo=[3]=0

(222(222 +1)-83(83 + 1)) 3
2
(74(74+ 1) — 2727 + 1)) "
2
(24(24+1)-909+ 1))
2
(88+1)-3B+1)
2

a, = 222(667 + 1) — 83251 —
+74(667 + 1) —27-251 -

+24(667 +1) —9-251— =27

+8(667 +1) —3-251 — -81

e+D-111+1)

+2(667 +1) —1-251 — 7

243 = 94392,

2 251125212531 - 666! - 667! = 2189392 . 394392 . ...

B Results and Discussion
The following is a series of steps to derive the presented for-
mula.
First, set up the equation: 1t-2!-3!-41-nt = p
where p, is a prime factor
and a; is the exponent of the prime factor.

az az (23 (23
‘P2 P3Py Py s

1 -
1-2-
1-2-3 -

1-2-3-4 -

1-2-3. 4.1

Notice that 1 appears n times, 2 appears 7#-1 times, and so on.
Thus, the product of the above can be written as the following:

1n.n-1 ., 3n-2 4n-3 ... .1 .. (1)

Then, divide the work into several cases in each base number
p based on the exponents of p since numbers among multiples
of p may contain two or more p as factors.

In the form of (1), choose and arrange the numbers with at
least one p as a factor:

(pk)(n+1)—pk (2pk)("+1)_27-’k

(3p,) D3P (l:_kl pk)("“)_lﬁlpk

Do the same for the numbers with at least two py as factors:

n
(o)
Pie.

(pkz)(mq)—pk2 (zka)(n+1)—2pk2 (3pk2)(n+1)—3pk2

Repeat the above process for different values of ~ pj*
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until L J reaches zero (that is, when the denominator

exceeds the numerator).

From the prior steps, the base value of the last term, l:—kl,
is utilized to calculate the total number of multiples of
a prime number p between 1 and 7. For identifying the largest
multiple of p that is less than 7, the floor function —J is
applied, and the result is multiplied by p. Doing ~ so
ensures that only the multiples of p less than 7 are considered.

Furthermore, the total power of p is found considering the
above list of expressions. This is achieved by systematically
multiplying all of the values, which add up the exponents be-
cause of the property of exponents.

Then, we apply the formula for the sum of an arithmetic
series to represent the addition of the consecutive exponents.
This process simplifies the calculation into following.

1:7] : (Z(n +1) —pr—Px [pik]) + L%J (2(n+ 1 - vk — Pk L%D
2

After reorganizing the expression, we can get this:

o0 ()~ (bl ) - (bl st 3 )

e =[5+ 3
can be reorganized as bi - {i} = lb%l and
- 1

To simplify, leta, = L:’TJ and a, = la;;ll

pn+1 bn+1

Then,

1
m+1(a, +az)— E(pkfh(lll +1) +piaz(a +1) )

At the end, using notations, the above can be written as the
following:

Z (an+1) ai(a; ;r 1)pi)

Furthermore, we can derive a formula for the product of any
consecutive factorials (that is, one that does not necessarily
start from 1!).

Let's say that the list of the factorials is 7!-(m+1)!-(m+2)!- -+
-(n-1)!-n!. The product of the consecutive 1! through 7! should
be divided by the product of the consecutive 1! through (-1)!
to find the specific product of consecutive factorials from 72! to
n!. For instance, the product of all consecutive factorials from
4! to 6! can be expressed in the following manner: 4!-5!-6!=(1!"
21-31-41-51-61)+(1!-2!-3!).

In fact, the formula for this can be immediately derived us-

ing the following:

m!sf(n)

W) = v, (m!) + v, (sf(n)) — v, (sf(m))

vp(m!-onl) = v, (

Nonetheless, the formal derivation steps are as follows:
First, the term for a particular prime number py from 1! to

1—-
n! can be expressed as pn+ “Pk Likewise, the term for a

particular prime number p from 1! to (7-1)! can be expressed
as p™ V*Pk To find the total exponents from 7! to 7!,

subtract the exponent of pI I PR om et PR (n 41— pp) —

((m-1)+1-p, )=n-m+1. Here, notice that there exist l J
terms for the exponents, as explained in the
derivation to the previous formula; multiply them together to

get l%] (n—-m+1).
Also, we know that from ! to n! , there are lll - IEJ
Pk Pk
terms.
Plus, for lﬂJ + 1 (the term after ! ), we have the
exponent (n+1)—p lp ]+ 1),and for I J ,we have the exp-

onent, (n+1) —p (L%(Das stated in the derivation above.

Also, putting these into the arithmetic sum formula yields

Ce-rGl) s (5]

2

Now, adding the two together, the following is derived:

(2 + 0 - ([, ] + 1) -7 5 )- (5] - )

l%l«(n—m+1)+

Since 7 th power of p,can be inserted in the denominator
until L%I‘ reaches zero, the above expression can be
k

expressed using sigma:

(2<n+1>—ﬁ(l;’£l+1>-v%l;2J)‘(I:;I-IZ£J)]

[ m
;llp—ij-(n—m+l)+ 2

Reorganization:

Z[;g]«nmmﬂ"“)(ll )= -l <121 J)}

This is the most we can simplify the expression:

St H- )

Leta, = I:—k] and a, = la;':j, and let b, = I:—kl and b, = [”:—:J

Hence, the final formula is the following:

> [ars 1 pgn - T DNGED),

Also, this mathematical expression can be simply driven us-
ing the first generalized form.
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Let 11-21-31-41-nl = pf* - pf2 . p23 . p24 .. p2*

and 1!-2!-3!1-41- (m—1)! =pf’101.r;f2 ~pf3 'pf‘*-upf".

Then,

m-m+1D-m+2)--(n-D! nl=

121304lnt =By

a2=Bz
11:21-314l(m—-1)! P 2

a3=By _ay=By ak=Pi
1 1 1

P 2 P

Also, as already derived above, the formula for the exponents
of 112131 4l...! is T2, (ai(n+ 1) —%) Likewise, the

formula for the exponents of _
10203141 (m-1)! is 32, (bim - —"i“'i;ﬂm'«).

Since they are exponents, subtracting the two together will fi-
nally yield the formula:

S <<ai (- SR (,,, bt 1);4))

=1

= (ai(n +1)—bm-— —(ai(ai +1 ;bi(hi * 1))27;':)
=1

3

B Conclusion

In this paper, a series of steps for deriving prime factoriza-
tion from a product of consecutive factorials,
M k!=1!-2!-31-41--n, is simplified into one simple

equation as follows: X2, (a(n + 1) — 2GEDR) 4o ve 5 repres-
q 2 ’ k T€P
Pk

and @ = I:—kJ .This paper also derived a formula for the expo-

ents the 4th prime number, and a; represents

nents of prime factors of prime factorization of any random
consecutive factorials, Tizmk! =m!- (m+1)l- (n+2)t- (n+3)t--nl

aj—
[am k! =m!- Gn+ D= (m+2)!- m+3) - n! ,where Q; represents l;_li

n bi—1 m

and a; = L]—kJ and 4; represents ka Jand b, = IEJ

Through this study, our paper provides a generalized formu-
la for deriving the prime factorization of multiple consecutive
factorials. Nonetheless, there is a clear extent to which this
study is valid: this paper only regards one specific type of facto-
rial. Hence, a formula for the prime factorization of a multiple
of double factorials could be derived through further research.
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