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ABSTRACT: This research delves into various ways of converting a radical of the form Va + Vb into the sum of two radicals
Vx +4/y . The contents derive from the well-established conversion of rearranging the nested radical Va+ Vb into the form
}%’b % , which works as a denesting process being that Va2 — b is a rational number. The motivation for this research
was the intrinsic curiosity of wondering whether it would be possible to apply this expression for higher levels of power. We split
the nested radical Va + Vb into the sum of two radicals Vx + %/y by solving for x and y in terms of a and b for n values of 3,4, 5,
6, and 7. However, as the values of n greater than 7 require the use of polynomial formulae greater than the cubic; we could not
proceed further as it became too complex.
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B Introduction For example, if a and b are 25 and 8 respectively, which is 3:
Denesting a radical refers to the simplification of nested .
expressions for further mathematical calculations or analyses. 3=327= 25+ ‘/_

One of the denesting conversion is rearranging the nested

radical \/a + Vb into the form /=), [VwD) \when g2 —b , 32

is a square number Inspired by this we have studied ways to 25+ J625 - 27(25 + 3\/‘) 25 - 625 27(25 27(25 + ¥8)
split the nested radical Va + %¥b into the sum of two radicals =
Vx + %[y by solving for x and y in terms of a and b, whether

the %/x and "/y are denested radicals or not; the radicality is
determined by whether both x and y are simple integers, which o5 + /6 75 _ 272
yield denesting equations. If both x and y are not simple inte- =
gers, they would not yield denesting equations. As we worked

the transformations by increasing the values of n, it became
3 \/4—55593 J \/455593

2

625——2

more and more challenging, intriguing us further. For the val- 25 +
ues of n = 3,4, and 5, the quadratic formula was used to solve =
for x and y in terms of positive numbers a and b. When the
values of n = 6 and 7, we utilized not only the quadratic for-
mula, but also the cubic formula with the help of the binomial
theorem. However, we were not able to proceed further when
n>7 because it required the use of polynomial formulae great-
er than that of the cubic, such as quartic or quintic formulae,
which is simply too complicated.

a+‘/a2 4(Va+Vb- Ja+5 \/— a—\/a2 4(Ja+Vb— a+li/5i4
Yo+ Vb= j ( ( > :
B Methods

These are some applications of how our formula works to
each corresponding value of n.
* When n is 3, the equation is:
3=V81= |78+ V8

g+ az_% 3l — az_(4—bg\/_) . 7
27(a+ Vb ’ 27(a + Vb 478+\j782—4 9- /78+—‘\/ﬁ ‘|78 -
3Ja+3\/5= + - ( z n

2 2 A 2

\/675 + 79\/_ 21675 — 79\/_

* When n is 4, the equation is:

For example, if a and b are 78 and 81, respectively, which is
also 3:

H

<

4
782 —4<9— 78+%‘\/ﬁ)

2
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4

4 4
78+\]6084—4<9— 78+% 478—\}6084—4(9— 78+%

2 + 2

4 4
478+\/6084—4(9— 159 478—\}6084—4(9— %)

2 + 2

* When n is 5, the formula is:

10Ya + ¥

10Ya + ¥
s 3,
=
a+¥p 5

s(a+juz4(s‘(n+m3 sm(swfm)s 5(“J“24<55 (a+ ¥B) — sm(slwi/ﬂ))s
+

2

For example, if a and b are 241 and 32, respectively, which
is 3 as well:

3=Y23 = [241+ V32,

. J (5’\](241 1 x@2)" - [szan 1 ¥Ea(seen + Jﬁ))
241 + (2417 — 4

103241 + 332

3 +

10241 + Y32

. J <5:/(241 +y32)° - J57241 +332(5241) + Vﬁ))
241 24124

2

- -
d 2 “

2

g
241 + Jssom -4 (135 —;was :

N z iR

5
135 — VIB105
241 —Jseom - “(T

2

* When n is 6, the formula is:

N T ey v P e o
R I e

where £:

;’ o+ 5 - % ’J%(—«ms,z — 59445 + [(~486a — 594V5)” — 364500(a + ¥5)” —% :J%(—msu — 59445 — |(—486a — 594Y5)” — 364500(a + VB)Z)

243

For example, if a and b are 2 and 3, respectively, then the k
value is:

1

3s 1s 1:[1 )
V2t VE—EJZ (—972 —594Y3 + [(-972 - 59«1%)2 —364500(2 + ﬁ)z —EJE(—WZ —594¥3— [(-972 - 594:/5)2 —364500(2 + 'ﬁ)z

24+ V2TAKE 2 —V2P—dk®
N 2 * 2
:n1+‘/1—k5 +61—,/1—k6,

Therefore, the final expression is

1

j1+ J17<z)z+§/'7%1];(79727594§/3+ (972 - 50aV3)’ - 364500(2 + ¥3)’ ,%'J%(,m,;qm, (4727594;/7’,3&4590(“@’))

1

+ .Jl - J - (; o+ v,igj;(,m 5043+ (or— soai/3)’ ~seas0n(z + m) ,%jg(,m, so4i/3— [(orz— so4i/3Y: ~seas00(z + ﬁ)))

* When n is 7, the formula is:

e I it i e Gt
ardp= [T N z

Where k = 2(a+V5)"

1

z 3
TP J%(mm' (a+¥5)" -1323[(a + VB) b + j(muf (a+¥5)" - 1323(a+ ¥B)’b) - 4(xwf (a+¥B)" +21[(a+ ¥B)b )
21Va+ 5

]

21V1—VT‘J%(W" (a+ VD)’ -1323[(a+ ’b)'b-J((;ﬂn' (a+¥5)" -1323(a+ V)b 2-4(1%' (a+¥5)" +217(a+ ¥B)b J>
@+ b
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For example, if a and b are 2 and 3, respectively, then the k
value is:

,m’ﬁ(asﬁ’ (2+%3)" - 1323])(2+%3)"3 +J(586’ (2+%3) -1323]/(2+ i/?)za)2 - 4(195’ (2+%3)" +217)(2+ ¥3)3 J>
,m‘ﬁ(agﬁ’ (2+33)" - 1323])(2+%3)"3 —j(ﬁss’J(H 3)’ - 13232+ 1/?)13)/ —4(196’ (2+%3)" +217)(2 + ¥3)3 v‘)

Therefore, the final expression is:

(o —

m'ﬁ(m’ﬁz <A - 13282+ V)20 J(m’j(z R ey [ va)‘s)zf 4(;9{‘](2&5)“ w22+ v ’)
,ﬁ‘ﬁ(@e; 2+ 33) — 1323 z+’\/§)’3fj(sss" 2+ 33 - 13252+ V)3 Za(m’ 2+ 33) 421 2+V@x)3)

= e[

i ey T 21+W:]%(656YJ(2 RN CIRORT: j(sséJ(Z + 33 - 13252+ %)’3)14(1951(2 v 2 v 7)
.
'

B Result and Discussion

The following are the steps to split the nested radical
Va+ Vb into the sum of two radicals such as ¥x + %/y, where

x and y would be expressed in terms of positive numbers a

and b.

Case 1. When n=3
First, set up an equation:

Va+3¥b=%x +3y )
Cube the equation (1)

a+ Vb =x+33x2y +33xy2 +y

While x+y is always rational, 3/b can occur as both rational

and irrational due to certain values of b where the decomposed
values of nth root b become rational.

a=x+y
{W=33\/W+ 33/xy? @
The second equation of (2) can be factored.

V5 =335 (4% +19)

By the equation (1), the above equation can be organized as

3\/3=33xy-3a+3\/3

Then, xy is expressed as

b
Y = 7t ) ®

Using the equations (2) and (3), x and y can be solved for in
terms of a and b using the quadratic formula.

y=a-—-x

©)
Plug in the above equation to (3)

b
Ha—x= 27(a+ ¥b)

I —
T T @+ W)
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By plugging the equation above into (4),

4b
+ 2 _
i T TCRE )
y=a- 3
T |24
ar | 27(a + Vb)
y= 3

The order of plus and minus in each expression of x and y
does not make a difference if they have alternate signs since
they are added together.

Therefore,

3 4b 3 4b
a+ (@} —————= 2 —=
27(a+ Vb)

a— |a
Y — 27(a+ Vb)
3
a+ Vb= 2 + 2

Case 2. When n=4

Start with setting up an equation:

4}a+%=‘§/?+i/§ 5)

Power of 4 the equation (5)
a+ Vb =x+4Yx3y +63x2y2 + 4\xy3 +y

While x+y is always rational, %/ b can occur as both rational
and irrational due to certain values of b where the decomposed
values of nth root b become rational.

{ a=x+y

Vb = 43/x3y +63/x2y? + 43/xy? Q)
The second equation of (6) can be factored.

Vb = 24/xy (2V7 + 333y + 2337)
As 2472 + 34/xy + 2457 is identical to 2(¥x + 4y )" - ¥/xy , the

equation above can be expressed as:

Vb =24/ay (2(Vx +43)" - V)
By the equation (5),

Vb =2%/xy (24 a+%)2—‘§/ﬁ)

s0=24xy —4(a+¥B) Yy + B

Apply the quadratic formula to solve for ¢/xy

24\/(“ +45)" + }44\/(u +¥5)" - 2%
5 -

vx—_ 2
4

2"\/(:1 +45)" + 4‘\/(a +¥5)" - 2VB
™

2

—Xxy=

Using (6) and (7), x and y are expressed:

Z‘l\/(a + %)2 + 44\/(a + %)4 —2p
2

Zi](a +¥5) + 4'\](a + )" - 245
2

x(a—x) =

>0=x*—ax+

Therefore,
21/(a+%)2i 44\/(a+%)4—2‘§/z
a+ |[a2—-4 >
_ \
x=
2
24\/((1+%)2i 4‘\](a+%)"—2‘§/5
a— |a*—4 >
_ N
= 2

Finally, x and y are substituted into the initial equation (5).

i 2Va+ Vb + [4(a+¥Vb) - 2Vb 5 2Va+¥b+ |4(a+¥b) —2Vb
a+ la2—4 _— a— |a2—4 e —
Yo+ b= +

2 2

T O
a+ja2—4(\/a+wi a+%%> "a—ja2—4(\a+§/§i a+%§/3
A‘a+VE:\[ 2 +\‘ P

As (a,b) is a positive integer pair, Va + Vb cannot be com-
plex. Cases where 4(\/u+‘s/71 /w%‘ﬁ) is larger than a* would
produce complex equations, and should be not be counted.

Case 3. When n=5
Start by setting up an equation:

Va+ b =% +3y ®)
5% power the equation (8)
a+¥b=x +y+53/xty +103/x3y2 + 103/x2y3 + 53/xy*

While x+y is always rational, v b can occur as both rational
and irrational due to certain values of b where the decomposed
values of nth root b become rational.

{ a=x+y

Vb = 53/x*y + 103/x3y% + 103/x2y3 + 53/xy* ®
The second equation of (9) can be factored:

W:SW-(WﬁLZ-S\/nyﬁLZS xy% + /%)
As (Vx + 3/y)° is equivalent to Yx® + 3Y/x%y + 3Y/xy* + y? the

equation can be expressed as

Vb= 5%-(5/(a+%)3—(m+ Vx_y2)>

sﬁ( <a+%>3v»c—y(%+m>
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By the original equation (8),
— 533y (5\/(“ ) -3 (o JE))

—»5(5/a+§/5)(i/m2—5(5 (@+¥5)° ) (Jm) + 5 =0
Apply the quadratic formula to solve for {/xy

_5Va+ T istVa +¥b —aVa+ VD)D)
B 10Va + 5

S

5-1](a+§/5)31‘j5-5\/a+%(5a+§/3)
45 = il
10Va+3p

5

(10)

5-5\/(41+5\/D3i\/5-5\/u+ ¥b(5a + ¥b)
T 10-Ya+ 0
Using (9) and (10), x and y are expressed

X(a_x)z/s-i[(a+m31js-m(5a+i/5)\s
\ 10-Ya+ 3D

10-Va+ b

5
<S-j(a+msi\j5-s\/a+§/17(5a+m)
x?—ax + =0

Therefore,

4/5-i](a+m3ijs_m(sa+w)\s
10-Ya+ b

2

a+ |a?—

x=

a- a2—4/5'i{(a+mai\zs'm(SHW)\ls
10-Va+ 3D
” 2

Finally, x and y are substituted into the initial equation (8).

10Va+ 30 10¥a + b

+
2 2

la+¥5=
As (a,b) is a positive integer pair, VYa+%b cannot be com-

plex. Cases where 4(§7W @) is larger than a?® would

produce complex equations, and should be not be counted.

Case 4. When n=6
Start by setting up an equation:

Va+¥b =% +3y an

6™ power the equation (11)

a+ Vb =x+y+6%x5y +15x%yZ + 203/x3y% + 155/x%y* + 63/xy5

. . . 3 .
While x+y is always rational, 3/b can occur as both rational

and irrational due to certain values of b where the decomposed

values of nth root b become rational.
{ a=x+y

Vb = §fxy(6¥a™ + 15¢/x3y + 205/x2y? + 15%/xy® + 63/y%)
By using the powered outcomes of equation (11):
6W= 63/x* + 245/%3y + 363/x2y% + 243xy® + 653"
9W= 9532 + 18xy + 9537

6a+‘3/5:“\/§+i/§

1z)

The second equation of (12) can be organized with the steps
below:

b = W<66 (a+¥B)" - (9% + 16a%y7 + 9W)>

Y= W(cf (a+3¥B) — ay (9%2 + 16W+9W)>

b = i/x—y<66\l(a+ ¥p)' - %(96\]((1 +¥5) - zi/x—y>>

= 2(5)° =92 a+ YB(Y) + 6. (a+ ¥B) (Yx3) - VB =0
Apply the cubic formula to solve for real number ¢/xy,’
vnfszg‘j;(fmsksqw“ (~486a — 5945)° — 364500(a + Vb)° 731]3(74%47594%7 (—486a — 59435)” — 364500(a + ¥b)° (13)
Using (12) and (13), x and y can be expressed.
xa—x) = <;’a + %7%1)%(743611 — 59435 + \/(—486(1 —594%/B)” — 364500(a + VE)Z)

6

1:]1 . o2 o2
- JE (—486a —594%b — J(—486a —594Ub)” — 364500(a + Vb) ))

6

3:[ .- 1s1 . = o
ﬂxzf,,“(i a+ ﬂ*g\/5(—486a—594\/3+J(—486a—594\/b_) —364500(a+\/§)>

6

o =

J% (—48611 — 59435 — \/(—48641 —594%/5)" — 364500(a + ‘:/E)z)) =0
Therefore,

e 131 . o2 o2
a+\/E—Ej?(—486a—594ﬁ+‘/(—48&1—594\/3) —364500(a + Vb) )

~lw

a+ |a®—4

7%2\}%(748611 5943 — J(74ssa —594%/5)” — 364500(a + VE)Z)

2

®
[

3 —7 1°1 . )2 o)
5 a+\/E—Ejj(—4861—594ﬁ+\/(—486:1—594\/5) —364500(a+m)

7%:1]%(7486“ — 59455 — J(—486a —5949/b)” — 364500(a + Vﬂz)

y= 2

Finally, x and y are substituted into the initial equation (11).

Va+ b —%:/%(—maa —594Yb + J(—wau —5944B)" —364500(a + ‘ﬁ)z)

6

[S])

a+ |a®—4

121 . . 2
% \li<—486a —594Vb — J(—wau —594Vb)” —364500(a + Vb) )

2

G

3Var b —é:}%(—tﬂ%a ~ 59435 + J(—486a —59435)" —364500(a + "\/E)z)

,%1/%(—48641 — 59445 — \/(743@ —594%/B)” — 364500(a + mz)
* F

Case 5. When n=7
Start by setting up an equation:

la+ VB =3x+7y s

7™ power the equation (14):
a+ Vb =x+y+ 7 xyS +213/x2y5 + 35 /x3y* + 35 /xty3? + 21/x5y2 + 7 /xSy

DOI: 10.36838/v7i6.1
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While x+y is always rational, %/ b can occur as both rational
and irrational due to certain values of b where the decomposed
values of nth root b become rational.

a=x+y
{7\/5:77\/5(7\/;+3W+51/x2_y3+57 57 + 33y + U5F) s

By using the powered outcomes of equation (14):
7f(a+ UB) = VxS + 57xy + 103357 + 103x3y2 + 530y + 5
N(a+¥B) = Vo +33xy? + 3y + 5

7a+7b=</§+1/;

The second equation of (15) can be organized with the steps
below:

V5 = 7355 ([(a+ VB)” — Yy (21 + 537 + 53y + 2157

W=7vx—y<’ (a+%)5—W(27/(a+W —M—W))

Vb = 7W<7 (a+ VF)S - W(Z:/(a+ </_)3 - :/Ei]a+ (/E))

=7 a+ Vb)Y - 14 (a+ ¥B) (Yay) +7f(a+ ¥B) fzy - Vb =0
Apply the cubic formula to solve for real number J/xy,’

-2 ,.+W)LZN‘7%‘J%<(,M,’ a+ Vb)Y — 1323 Hvz)le(m' a+ ¥5) — 1323 (a + VB)'0 174(1%’ (“v;)um"](..wz)b)j

ﬁjg(m” @+ VB) - 1323 a+W)’n7J(ﬁRﬁ' (s VB) — 1325 .1+vz)ﬁ,)14(19(," @+ ¥5)" + 217 (a+ VB ) (16)

Using (15) and (16), x and y can be expressed.

,mﬁ(@e @+ V) — 1325 [(a + W)bej(sasv o+ ¥ - 1325+ ¥975) - (106 e+ 9)" 420 e 'mh)’> )

Ax—ard (; (@t VB) 7ﬁ7"l;<sse‘ (a+ VB) ~1323])(a+ VB)'b + J(sss" (@ + VB)’ ~ 1323]f(a + ¥B)'p ¥ 74(1‘367 (a+¥5)° +21[(a+ VB I)
= t ﬁj; (sss’ (@ 3B) — 1325 (@t o) j(ess’ (@1 ¥y - 1525]fias Bys) 4(“5’ (@ ) 4217 (et W)b)’) ) -0
Therefore,
2@+vBy 7ﬁlj%<sasy (a+¥B)" — 1323 (a + VB +](sss’ (a+¥B)" —1323|(a + ¥B)'b 174(195" (a+¥B)" +217[(a+ VE)b z)
4
o 1+ wj%(sse’ (a+ ¥5)" ~1323])(a + ¥B)'b — J(eae’ (a+ ¥B)" ~1323]|(a + ¥B)'b - 4(196’ (a+¥B)° +21)(a+ Vﬁ)b)l )
7

B
:

:
:

:
:

2far vy —m'ﬁ(we’ (@t 45 1325 (e s ¥B)'® +J(sae’ (ot 08y — 1325 (o BY'5) - ;(m’ [ 00 + 20 ar ). )
Py
,ﬁ:’%(ﬂf (@t VB 1325 (a ’mﬂ,fj(m’ @+ ¥8) - 1525 (e + W)Zby 4(19; at VB) 4217 (at VB )
7

:
:

Finally, x and y are substituted into the initial equation (15).

B Conclusion

In this study, we showed ways to split the nested radical
Va+%Vb into the sum of two radicals ¥x + 3y when n=3, 4,
5, 6, and 7, whether Vx and %/y are denested radicals or not.
First, both sides of the equation are powered by n, which re-
moves the big n-th root and expands the Vx + %/y form. Then,
the values of xy and x+y were worked out in terms of a and
b by using substitution and the binomial theorem, which was
especially helpful when finding the value of xy for n=6 and
7 because we needed to apply the cubic formula. This would
allow us to develop a further enhanced understanding of al-
gebraic radicals and serve as a formula for these specific cases.
While a prevailing notion, this concept is not often covered in

mathematical literature. We believe that this series of formulae
can continue for infinity with n being any real number, and
we wish to explore this further by experimenting with three or
more variables such as ¥x + %/y + ¥z. While the expressions ob-
tained typically introduce more complicated expressions, cases
such as our examples exist where particular choices of a and
b may simplify the original radical. A thorough investigation
of these conditions, although beyond the scope of our current
knowledge, remains a prospective topic for future research.
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