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ABSTRACT: This research delves into various ways of converting a radical of the form √𝑎 +   𝑏 into the sum of two radicals 
√𝑥 𝑛 √ . The contents derive from the well-established conversion of rearranging the nested radical √𝑎 +√𝑏 into the form 
√(𝑎+√𝑎2−𝑏)) 2 +    , which works as a denesting process being that   𝑎2 − 𝑏 is a rational number. The motivation for this research 
was the intrinsic curiosity of wondering whether it would be possible to apply this expression for higher levels of power. We split 
the nested radical √𝑎 + 𝑏 𝑛 into the sum of two radicals  𝑥 𝑛 +    by solving for 𝑥 and 𝑦 in terms of 𝑎 and 𝑏 for 𝑛 values of 3, 4, 5, 
6, and 7. However, as the values of 𝑛 greater than 7 require the use of polynomial formulae greater than the cubic; we could not 
proceed further as it became too complex. 

KEYWORDS: Mathematics, Algebra, Radical, Nested Form.

�   Introduction
Denesting a radical refers to the simplification of nested 

expressions for further mathematical calculations or analyses. 
One of the denesting conversion is rearranging the nested 
radical  𝑎𝑎+𝑎𝑎 into the form  (𝑎+𝑎2−𝑏)) 2 + when 𝑎2 −𝑏 
is a square number. Inspired by this, we have studied ways to 
split the nested radical  𝑎𝑎+ 𝑏𝑛 into the sum of two radicals 
𝑥𝑛+naa  by solving for 𝑥 and 𝑦 in terms of 𝑎 and 𝑏, whether 
the 𝑥 𝑛 and 𝑥 𝑛 are denested radicals or not; the radicality is 
determined by whether both x and y are simple integers, which 
yield denesting equations. If both x and y are not simple inte-
gers, they would not yield denesting equations. As we worked 
the transformations by increasing the values of 𝑛, it became 
more and more challenging, intriguing us further. For the val-
ues of 𝑛 = 3, 4, and 5, the quadratic formula was used to solve 
for 𝑥 and 𝑦 in terms of positive numbers 𝑎 and 𝑏. When the 
values of 𝑛 = 6 and 7, we utilized not only the quadratic for-
mula, but also the cubic formula with the help of the binomial 
theorem. However, we were not able to proceed further when 
𝑛>7 because it required the use of polynomial formulae great-
er than that of the cubic, such as quartic or quintic formulae, 
which is simply too complicated.

�   Methods
These are some applications of how our formula works to 

each corresponding value of 𝑛.
• When 𝑛 is 3, the equation is:

For example, if 𝑎 and 𝑏 are 25 and 8, respectively, which is 3:

• When 𝑛 is 4, the equation is:

For example, if 𝑎 and 𝑏 are 78 and 81, respectively, which is 
also 3:
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• When 𝑛 is 5, the formula is:

For example, if 𝑎 and 𝑏 are 241 and 32, respectively, which 
is 3 as well:

• When 𝑛 is 6, the formula is:

where k:

For example, if 𝑎 and 𝑏 are 2 and 3, respectively, then the k 
value is:

Therefore, the final expression is

• When 𝑛 is 7, the formula is:

For example, if 𝑎 and 𝑏 are 2 and 3, respectively, then the k 
value is:

Therefore, the final expression is:

�   Result and Discussion 
The following are the steps to split the nested radical 

𝑎n+𝑏𝑛𝑛 into the sum of two radicals such as 𝑥𝑛 + 𝑦𝑛, where 
𝑥 and 𝑦 would be expressed in terms of positive numbers 𝑎 
and 𝑏.

Case 1. When 𝒏=𝟑
First, set up an equation:

Cube the equation (1)

While x+y is always rational, ∛b can occur as both rational 
and irrational due to certain values of b where the decomposed 
values of nth root b become rational.

The second equation of (2) can be factored.

By the equation (1), the above equation can be organized as

Then, 𝑥𝑦 is expressed as

Using the equations (2) and (3), 𝑥 and 𝑦 can be solved for in 
terms of 𝑎 and 𝑏 using the quadratic formula.

Plug in the above equation to (3)

DOI: 10.36838/v7i6.1

ijhighschoolresearch.org



	 3	 DOI: 10.36838/v7i6.1

By plugging the equation above into (4),

The order of plus and minus in each expression of x and y 
does not make a difference if they have alternate signs since 
they are added together.

Therefore,

Case 2. When 𝒏=4
Start with setting up an equation:

Power of 4 the equation (5)

While 𝑥+𝑦 is always rational, ∛b can occur as both rational 
and irrational due to certain values of b where the decomposed 
values of nth root b become rational.

The second equation of (6) can be factored.

As 2𝑥24+3𝑥𝑦4+2𝑦24 is identical to 2(𝑥 4+𝑦4 )2−𝑥𝑦4 , the 
equation above can be expressed as:

By the equation (5),

Apply the quadratic formula to solve for 𝑥𝑦

Using (6) and (7), 𝑥 and 𝑦 are expressed:

Therefore,

Finally, 𝑥 and 𝑦 are substituted into the initial equation (5).

As (a,b) is a positive integer pair,  ---------- cannot be com-
plex. Cases where -------------- is larger than 𝑎2 would 
produce complex equations, and should be not be counted.

Case 3. When 𝒏=5
Start by setting up an equation:

5th power the equation (8)

While x+y is always rational, ∛b can occur as both rational 
and irrational due to certain values of b where the decomposed 
values of nth root b become rational.

The second equation of (9) can be factored:

As  (𝑥5+𝑦5)3 is equivalent to 𝑥35+3𝑥2𝑦5+3𝑥𝑦25+𝑦35, the 
equation can be expressed as
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The second equation of (12) can be organized with the steps 
below:

Apply the cubic formula to solve for real number 𝑥𝑦6 ,5

Using (12) and (13), 𝑥 and 𝑦 can be expressed.

Therefore,

Finally, 𝑥 and 𝑦 are substituted into the initial equation (11).

Case 5. When 𝒏=7
Start by setting up an equation:

7th power the equation (14):

By the original equation (8),

Apply the quadratic formula to solve for 𝑥𝑦

Using (9) and (10), 𝑥 and 𝑦 are expressed

Therefore,

Finally, 𝑥 and 𝑦 are substituted into the initial equation (8).

As (a,b) is a positive integer pair,   𝑎+𝑏55 cannot be com-

plex. Cases where 4( 5(𝑎+𝑏5)35±5 is larger than 𝑎2 would 

produce complex equations, and should be not be counted.

Case 4. When 𝒏=6
Start by setting up an equation:

6th power the equation (11)

While x+y is always rational, ∛b can occur as both rational 
and irrational due to certain values of b where the decomposed 
values of nth root b become rational.

By using the powered outcomes of equation (11):
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mathematical literature. We believe that this series of formulae 
can continue for infinity with 𝑛 being any real number, and 
we wish to explore this further by experimenting with three or 
more variables such as 𝑥𝑛+𝑦 𝑛+ 𝑧  . While the expressions ob-
tained typically introduce more complicated expressions, cases 
such as our examples exist where particular choices of 𝑎 and 
𝑏 may simplify the original radical. A thorough investigation 
of these conditions, although beyond the scope of our current 
knowledge, remains a prospective topic for future research.
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While x+y is always rational, ∛b can occur as both rational 
and irrational due to certain values of b where the decomposed 
values of nth root b become rational.

By using the powered outcomes of equation (14):

The second equation of (15) can be organized with the steps 
below:

Apply the cubic formula to solve for real number  𝑥𝑦7,5

Using (15) and (16), 𝑥 and 𝑦 can be expressed.

Therefore,

Finally, 𝑥 and 𝑦 are substituted into the initial equation (15).

�   Conclusion 
In this study, we showed ways to split the nested radical 

𝑎+𝑏𝑛𝑛   into the sum of two radicals 𝑥𝑛 +𝑦𝑛 when 𝑛=3, 4, 
5, 6, and 7, whether 𝑥𝑛 and 𝑦𝑛 are denested radicals or not. 
First, both sides of the equation are powered by 𝑛, which re-
moves the big n-th root and expands the  𝑥𝑛+𝑦𝑛 form. Then, 
the values of 𝑥𝑦 and 𝑥+𝑦 were worked out in terms of 𝑎 and 
𝑏 by using substitution and the binomial theorem, which was 
especially helpful when finding the value of 𝑥𝑦 for 𝑛=6 and 
7 because we needed to apply the cubic formula. This would 
allow us to develop a further enhanced understanding of al-
gebraic radicals and serve as a formula for these specific cases. 
While a prevailing notion, this concept is not often covered in 
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