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ABSTRACT: We present a combinatorial reinterpretation of the concept of combinations with repetition—also known as 
multicombinations—using non-decreasing stair sequences (i.e., sequences of steps with non-decreasing heights). This viewpoint 
provides an intuitive geometric picture analogous to the classical stars-and-bars approach and naturally leads to a two-variable 
generating function that generalizes the ordinary generating function for combinations. We derive an identity connecting this 
new generating function for multicombinations to the standard one for ordinary combinations (without repetition) and discuss 
connections to known results in combinatorics and physics. Historical context and illustrative examples are included to maintain 
a didactic yet rigorous exposition accessible to students. 
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�   Introduction
Combinatorics is the art of counting the number of ways 

discrete objects can be arranged or selected under various rules. 
Whether we’re assigning roles, forming teams, or choosing piz-
za toppings, understanding when the order matters or when 
repeated choices are allowed leads to different counting strate-
gies: permutations account for ordered selections; combinations 
ignore order; and multicombinations, also known as combi-
nations with repetition, allow repeated choices. These ideas 
underpin a wide range of problems in mathematics, science, 
and engineering.

For example, out of N = 10 students in a class, choosing a 
president, vice president, and secretary involves permutations: 
there are			    possible ordered selections. By 
contrast, choosing any 3 students to form a committee (with 
no specific roles) involves combinations, such that the number 
of possible outcomes is		             . Furthermore, sup-
pose a pizzeria provides N = 10 different pizza toppings, and 
customers can choose L = 3 toppings, allowing repetition (e.g., 
one could take a double or triple portion of a certain topping). 
This scenario corresponds to multicombination, i.e., selecting 
items with repetition allowed. The counting formula for this 
situation, derived via a classic stars-and-bars argument (to be 
explained below), is		   . For N = 10 and L = 3 this 
yields	       ways of choosing 3 toppings from 10 types with 
repetition allowed.

In general, the formulas for the number of permutations, 
combinations, and multicombinations for choosing L items out 
of N distinct members are, respectively:

where we adopt the notation          (double braces) to denote the 
multicombination number, i.e., the number of size-L multisets 
from a set of N types.

While P (N,L) and C (N,L) are conceptually straightforward 
(they arise directly from the factorial formula and the binomi-
al coefficient, e.g., via Pascal’s triangle), the derivation of the 
multicombination formula is less immediate. One widely used 
technique to derive	  is the stars-and-bars method.1,2 
In this method, one represents the L items to be chosen as L 
“stars” and divides them into N categories (representing the N 
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Table 1: All 10 multicombinations of 3 fruits (A = apple, B = banana, C = 
cherry) are chosen from (A, B, C) , alongside their representation in the stars-
and-bars method. A star (here, a letter) represents a chosen item, and a vertical 
bar “|” represents a separator between different fruit types.
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distinct types) using N-1 “bars”. The total number of symbols 
(stars + bars) in such a representation is L+N-1. By choosing 
which L of these L+N-1 positions are occupied by stars (equiv-
alently, which N-1 positions are occupied by bars), one obtains 
the formula	   . In essence, this counts the number of non-
negative integer solutions to

which is exactly the multicombination scenario where as is the 
number of times the s-th item is chosen (for 1 ≤ s ≤ N )1,2

For a concrete illustration, consider N = 3 kinds of fruit: ap-
ples (A), bananas (B), and cherries (C). If we multi-choose 
L = 3 pieces of fruit, there are	             possible selections, 
corresponding to the number of multisets of size 3. Table 1 lists 
all 10 outcomes (left column) and shows their corresponding 
stars-and-bars representation (right column). 

In this method, each chosen item is represented by a “star” 
(e.g., the letters A, B, and C for apples, bananas, and cher-
ries), and vertical bars are inserted to divide the sequence into 
regions corresponding to each item type. For a selection of 
three fruit types, two bars are used to partition the stars into 
three sections. If no stars appear between two bars, that fruit 
type was not selected. For instance, the multiset {A, A, B}—
meaning two apples and one banana—is visually rendered as 
AA|B|, which corresponds equivalently to the star represen-
tation **|*|. Here, each letter (A or B) represents an identical 
star; the use of different letters is purely a visual aid. The in-
terpretation in terms of apples, bananas, or other item types 
is determined entirely by the positions of the stars relative to 
the bars. In the present example, the first segment (before the 
first bar) contains two stars, indicating two apples; the middle 
segment contains one star, corresponding to a banana; and the 
final segment is empty, implying that no cherries were chosen. 
This diagrammatic approach establishes a precise one-to-one 
correspondence between all possible size-L multisets drawn 
from N types and all strings consisting of L stars and N-1 bars 
arranged in a row.

Mastery of these fundamental counting techniques is essen-
tial across a wide range of disciplines, including probability,3 
statistics,4 computer science,5 and even quantum physics. His-
torically, the systematic study of combinations and binomial 
coefficients dates back centuries.2 The formula for combina-
tions with repetition, and the stars-and-bars argument above, 
became a standard part of combinatorics by the 19th--20th 
century.

Another powerful tool in combinatorics is the generating 
function technique. A generating function is a formal power 
series in which the coefficient of zL represents the number of 
outcomes for a given L. Generating functions allow count-
ing problems to be solved via algebraic methods.6 The use of 
generating functions in combinatorics dates back to Leon-
hard Euler in the 18th century: Euler famously introduced 
infinite-product generating functions to study integer parti-
tions, that is, representations of a positive integer as a sum of 
smaller positive integers in which the order of the summands 
does not matter.⁷ The associated partition number counts how 
many such decompositions exist.  Euler’s insight was that 

one can encode choices of parts in a partition by factors in 
a product; for example, he considered the infinite product 
(1+x)(1+x²)(1+x³)... and observed how expanding it generates 
the partition numbers. In the context of combinations, gen-
erating functions provide an elegant way to derive counting 
formulas. We will next review the ordinary generating func-
tions for combinations and multicombinations, before turning 
to our new interpretation in terms of stairs. 

The generating function for combinations (without rep-
etition) is obtained from the binomial expansion. Consider 
(1+z)N : expanding this by the Binomial Theorem gives6

since			   oooo. This provides exactly the 
number of ways to choose L items from N without repetition. 
In this interpretation, in each factor of (1+z)(z⁰+z¹), the power 
z¹ or z⁰ represents whether a given item is chosen or not, and 
the exponent of z in the product (1+z)N chosen counts the 
total number of chosen items.

For multicombinations, we allow an unlimited number of 
each item, implying that we need to use an infinite series. The 
geometric series6

represents choosing 0, 1, 2, 3, …, of a given item. If we have N 
types of items available for repetition, the generating function 
for multicombinations is an infinite series:

Indeed, multiplying N copies of the geometric series (4) cor-
responds to choosing some number a₁ of item 1, a₂ of item 2, 
...,aN of item N; when we expand	        , the coefficient of zL 
in the expansion, it counts all possible ways to pick a total of L 
items with repetition from N available types, which are               .
We can also express this formally as:

where in the double summation, we sum zL over all N-tu-
ples of nonnegative integers (a₁, a₂, ... ,an) that sums to L. 
The coefficient of zL is therefore the number of solutions 
to a₁+ ...+an = L, which matches the multicombination for-
mula. In other words, we have shown combinatorially that

reaffirming that	       counts the number of nonnegative solu-
tions to (2).

The purpose of the present paper is twofold: (i) to refor-
mulate the multicombination problem in terms of designing 
non-decreasing stairs; and (ii) to show how this point of view 
naturally leads to a two-variable generalization of the gen-
erating functions above, elaborating the connection between 
combinations with and without repetition. In what follows, 
we first introduce the stair interpretation and derive the cor-
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responding results. Then we discuss how it connects to the 
classical methods (stars-and-bars) as well as some further im-
plications.

�   Results and Discussion 
Multicombination: A Staircase Analogy:
We recast the multicombination problem as follows: instead 

of thinking in terms of selecting L items out of N types, consid-
er multi-choosing numbers from 1 up to N. That is, imagine we 
wish to pick L numbers from the set 1, 2, ..., N, with repetition 
allowed (equivalently, we wish to pick L not-necessarily-dis-
tinct numbers between 1 and N ). For each s ∈ 1, 2, ..., N, 
let as be the number of times s is chosen. If as=0, it means s is 
not chosen at all; if as = 1, s is chosen once; if as = 2, s is chosen 
twice; and so on. Clearly, equation (2) still holds in this scenar-
io, which we recall here for convenience: 

This is just a rephrasing of the stars-and-bars description in 
terms of the counts as for each number .

Now, let us list the L chosen numbers in non-decreasing or-
der, and call them . By construction, we have

In fact, we can write the multiset explicitly in this sorted 
form as:

which makes it clear that α1 ≤... ≤ αL and that each αk equals 
some s (with possible repetition according to as). The condition 
on successive α's is αk+1 - αk ≥ 0 for 1 ≤ k ≤ L. In this way, we ob-
tain a non-decreasing sequence α=(α1, ..., αL) with 1 ≤ αk ≤ N 
for all k.

We now map this -sequence to another sequence β = (β1, β2, 
..., βL) of the same length L, defined by

In other words, we add 0 to α1, 1 to α2, 2 to α3, and so on 
(adding k-1 to αk). This transformation produces a strictly in-
creasing sequence β with β1<β2 <...<βL. To see this, note that

Since αk+1 ≥ αk , we have βk+1 - βk ≥ 1, so indeed βk+1 > βk for 
all k. Figure 1 illustrates an example.

What are the possible minimum and maximum values of the 
β’s? From the definition, β1 = α1 ≥ 1, so the minimum possible 
value of β1 is 1 (achieved when α1 = 1). From

the maximum possible value of βL is N+L-1 (achieved when 
αL = N ). Therefore, the β-sequence is a strictly increasing se-
quence of length L satisfying

For example, the two extreme cases are: 

and

These show that β1 can be as low as 1 and βL as high as 
N+L-1.

It is not hard to see that this α↦β mapping is actually a 
bijection (one-to-one and onto) between the set of non-de-
creasing α-sequences in [1, N ] of length L and the set of 
strictly increasing β-sequences in [1, N + L - 1] of length L. 
Indeed, given any strictly increasing sequence 1 ≤ β1 < β2 < ... < 

βL ≤ N + L - 1 we can invert the relation (11) as

and check that αk+1 - αk = ( βk+1 - βk ) - 1 ≥ 0, with 1 ≤ α1 ≤ ... 
≤ αL ≤ N. This shows that every valid β-sequence corre-
sponds to a unique non-decreasing α-sequence, and vice 
versa. Thus, we have established a bijection between multi-
choose selections and ordinary combinations in a larger set. 

What does this bijection mean combinatorially? It means 
that choosing L items from N with repetition (multicombi-
nations) is in one-to-one correspondence with choosing L 
distinct items from a larger set of size N + L - 1 (ordinary com-
binations). The β-sequence can be interpreted as the set of L 
distinct numbers chosen from 1, 2, ... , N + L - 1, and clearly, 
there are 	 such choices. Thus, we have derived the 
multicombination formula bijectively:

recovering the result stated in equation (1). In this interpre-
tation, one can imagine constructing a staircase diagram: the 
α-sequence (α1, ..., αL) can be seen as the heights of L steps (of 
equal width) in a non-decreasing “staircase,” whereas the β-se-
quence (β1, ..., βL) corresponds to a strictly increasing staircase 
profile of L steps (each subsequent step strictly higher than 
the previous one). We will not dwell on the geometric diagram 
here, but the idea is that each multiset selection corresponds 
to a unique set of step heights. Below, we will give an explicit 
example of this correspondence.

Two-variable generating functions for stairs:
The identification of multicombinations with the stair prob-

lem leads to a natural generalization of the generating function 
(5). We now introduce a two-variable generating function 
BN (z, x) for the stair interpretation:
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Figure 1: Example of the stair bijection: a non-decreasing α-stair (1,2,2) is 
mapped one-to-one to a strictly increasing β-stair (1,3,4) via the prescription 
in equation (11), βk = αk+(k-1) for k=1, 2, 3. Blue bars represent the α-sequence, 
red bars represent the β-sequence, and yellow bars indicate their difference 
k-1.
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Thus, we can rewrite (21) as

When x=1,  		  (the number of ways to choose L 
distinct items from N ), and indeed FN (z, 1) = (1 + z)N = FN (z) 
as expected.

The generating function FN (z, x) itself is standard in the 
theory of generating functions and statistical mechanics;6,8-10 
the novelty here lies in its interpretation in terms of stair se-
quences and its explicit bijective relation to multicombinations.

Now, an interesting relationship emerges between BN (z, x)  
and FN (z, x). Consider the strictly increasing β-sequence cor-
responding to a given non-decreasing α-sequence via our stair 
bijection. For a fixed L, suppose α=(α1, ..., αL) maps to β=(β1, 
..., βL) by the relation βk = αk + k -1. We can relate the sums of 
α's and β's (i.e., (17) and (22)) as follows:

Here, the second term 	         comes from 0+1+2+...+(L-1). 
Now, if we consider a combination scenario with N replaced 
by N' = N + L - 1, we note that any strictly increasing sequence 
(β1, ..., βL) with β1>1 and βL ≤ N + L - 1 can be viewed as a 
choice of L distinct numbers from 1, 2, ..., N + L - 1. In fact, as 
shown earlier, any α-sequence for (N, L) corresponds bijective-
ly to a β-sequence for (N + L - 1, L). Using the relation (24), we 
can now connect the two-variable generating functions:

In words: the sum of x(total height of strictly increasing stair) over all strictly 
increasing stairs of length L up to height N (which is FN,L (x)) 
is related to the sum of x(total height of non-decreasing stair) over all non-de-
creasing stairs of length L up to height N (which is BN,L (x)), 
by a factor of xL(L-1)/2 ---after adjusting N to N+L-1. Here, the 
term total height refers to the sum of the heights of all steps in 
the staircase, rather than the height of the highest step. Equiv-
alently, the total height is the area under the staircase profile. 
Substituting the relation (25) back into the generating func-
tions (16) and (21) confirms the identity (25). In particular, 
when x=1, the identity (25) reduces to the multicombination 
formula,		   as given in equation (14). For example, for 
N=2 and L=2, we have

which indeed reflects the relation F2+2-1,2(x) = x¹B2,2(x) in this 
case (since L ( L - 1 ) / 2 = 1 when L=2).

Correspondence with the stars-and-bars method:
To illustrate the stair interpretation concretely, let us revisit 

the fruit example in Table 1 and map each multicombination 
to its corresponding stair sequences.

Table 2 shows the detailed one-to-one correspondences be-
tween each fruit multiset, the non-decreasing α-sequence, the 
strictly increasing β-sequence, and the stars-and-bars repre-
sentations (both for the β-sequence and for the original fruit 

where z marks the stair length (number of items chosen) and x 
tracks the total height (sum of the values of the chosen items).

Expanding each factor as a geometric series, we get

for some coefficient polynomial BN,L(x) (the coefficient of zL) 
depending on x. By collecting terms of the same power of z, 
one acquires

since each term of the expansion is of the form z a₁+...+an, 
x1a₁+ 2a₂+...+Nan, and we sum all contributions where the total expo-
nent of z is L. The expression (16) has a clear meaning: we are 
summing 	 over all multisets of size L, where           is 
the sum of the values of the chosen numbers. But 	         can 
be interpreted in terms of the -sequence of the stair represen-
tation. For the expanded list (10), we have

which is exactly the sum of all step heights in the stairs. Thus, 
we can rewrite (16) as

where the sum runs over all non-decreasing sequences (α1, ..., 
αL) of length L with each 1 ≤ αk ≤ L. In other words, BN,L (x) 
counts all non-decreasing stairs of length L by the total 
combined height of all steps (with step heights bounded be-
tween 1 and N ). Setting x=1 in this formula, we recover the 
ordinary generating function for multicombinations, since 
	          . Indeed, one can see directly that

consistent with our earlier definition of BN (z) in equation (5). 
We have used the notation B to emphasize the analogy with 
bosonic counting (i.e., combinations with repetition). Differ-
ent arguments indicate standard specializations of the same 
generating function: BN (z) denotes the ordinary generating 
function, BN (z, x) its two-variable refinement that tracks total 
height, and BN,L (z) the coefficient of zL in this expansion. An 
analogous notation will be introduced below for combinations 
without repetition, using the letter F (for fermion). In parallel, 
for ordinary combinations (without repetition), one can define 
an analogous two-variable generating function:

where

Here bt ∈ {0,1} indicates whether the item t is chosen (bt =1) 
or not (bt =0). The condition b₁+...+bN =L means exactly dis-
tinct items are chosen. Thus FN,L(x) encodes the total “height” 
(sum of values) of all choices of L distinct items from 1, ..., 
N. In fact, if the chosen set of L distinct numbers are writ-
ten in increasing order (β1<β2 <...<βL), then one can verify
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using the formula for geometric series and noting that 
FN,L (x) for infinite N would include all L distinct pos-
itive integers (hence the product from t =1 to L). The 
higher powers ofin the denominators arise from the con-
tributions of each possible step height in the staircase 
interpretation: in the infinite-N limit each factor (1-xt)-1 cor-
responds to allowing arbitrarily many steps of height t. We see 
that                        equals                       times a factor           .
This coincides with our earlier identity (25) in the special case 
N = ∞.

Interestingly, this type of generating function identity is 
known in a physics context: in quantum mechanics, bosons 
correspond to combinations with repetition and fermions to 
combinations without repetition. The generating function 

	 is the grand canonical partition function for bosons, 
and	         is that for fermions. In the limit of infinitely 
many states for particles confined to a one-dimensional har-
monic potential, the two partition functions coincide up to the 
overall factor discussed above, reflecting a combinatorial iden-
tity recognized by physicists.8-10 

Finally, beyond the combinatorial insights, the stair interpre-
tation provides a more visual way for students to understand 
combination problems. By translating an abstract stars-and-
bars configuration into a step diagram, one can literally “see” a 
combination with repetition as building a staircase of a certain 
length and bounded height. This perspective might be useful 
in discovering new combinatorial identities or generalizations, 
as we demonstrated with generating functions.

�   Conclusion 
We have introduced a bijective stair interpretation for 

multicombinations in terms of non-decreasing and strictly 
increasing sequences (viewed as stairs), and we have derived 
a generating function identity connecting combinations with 
and without repetition. 

This viewpoint offers an intuitive bijective proof of the 
formula for combinations with repetition and elucidates the 
relationship between these and ordinary combinations. We 
compared the stair method with the traditional stars-and-bars 
method and found them to be in perfect correspondence, as 
illustrated in Table 2. Additionally, by incorporating a weight 
variable x to track the sum of chosen values, we developed 
two-variable generating functions BN (z,x) and FN (z,x) that 
unify combinations with and without repetition in a single 
framework. The resulting identity (25) relating BN,L (x) and 
FN+L-1,L (x) provides a deeper algebraic insight into this con-
nection and links our combinatorial findings to known results 
in both combinatorics and quantum physics.

We also provided historical context and references to help 
students appreciate the development of these ideas. In sum-
mary, this paper demonstrates how a fresh combinatorial 
interpretation (the “stairs”) can lead to elegant proofs and 
generalizations of standard counting formulas. The stair view-
point may, in turn, inspire further generalizations in other 
combinatorial structures, such as integer partitions11 or Young 
tableaux.12 

labels). We use the numeric values 1,2,3 for A, B, C, respec-
tively, when writing the α and β sequences.

For instance, the selection AAB corresponds to α = (1, 1, 2) 
(since in sorted order it consists of two 1’s and one 2). This 
yields β = (α1, α2 + 1, α3 + 2) = (1, 2, 4). The β-sequence (1, 2, 
4) can be interpreted as choosing {1, 2, 4} out of {1, 2, 3, 4, 5} 
(since N+L-1=5 for this case). The “β & bars” column in Table 
2 shows the stars-and-bars diagram corresponding to this β 
representation: for AAB, choosing {1, 2, 4} out of 5 means 
positions 1 and 2 are stars, position 3 is a bar, position 4 is a 
star, and position 5 is a bar, giving the string 12|4|. Finally, re-
placing the numbers 1, 2, 4 with the corresponding fruit letters 
in order gives the original fruit diagram AA|B|. This con-
firms that our stair interpretation is in perfect correspondence 
with the classical stars-and-bars approach. Table 2 explicitly 
demonstrates the bijection between the fruit multiset, its α-se-
quence, β-sequence, and the two equivalent stars-and-bars 
representations.

Essentially, the β-representation provides another view-
point on the standard stars-and-bars bijection. The chosen β 
positions correspond to picking which L of the N+L-1 slots 
contain stars in the stars-and-bars model.

Discussion:
The two-variable generating functions (15) and (20) offer 

a refined method for combinatoric enumeration: not only do 
they distinguish the number of items , but they also track the 
sum of the values (heights) selected. The identity (25) we de-
rived shows a precise relationship between these refined counts 
for combinations with and without repetition. By considering 
an arbitrarily large supply of item types, one finds that the two 
sequences coincide up to a simple factor. In fact, if is very large 
compared to , choosing with repetition or without repetition 
becomes effectively the same for the first positive integers. 
More formally, in the limit we acquire
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Table 2: Each row maps a multichoose outcome to its corresponding stair 
sequences and equivalent stars-and-bars encodings for N=3 and L=3. The 
α-sequence is the non-decreasing listing of the chosen item values (using 1 
for A, 2 for B, 3 for C). The β-sequence is obtained by adding 0, 1, 2 to the α 
terms, yielding a strictly increasing sequence between 1 and 5. The “ β & bars'' 
column shows the positions (1 through 5) of the chosen β's as stars in a stars-
and-bars diagram (with two bars for 3 bins), and the last column is the original 
stars-and-bars diagram for the fruits.
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