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ABSTRACT: Breadth-first search (BFS) and depth-first search (DFS) are 2 of the most common methods of graph traversal
to get from a starting node to a goal node. This paper explores how BES, DFS, and a combination of the two—Iterative-deepening
depth-first search (IDDFS)—compare when solving a Rubik’s Cube. To investigate their differences in performance and
correctness empirically, a linear representation of the cube, the moves (quarter-turns as functions), and the orders of instructions
for each search algorithm were developed in code. I hypothesized that IDDFES would achieve the lowest runtime of the three
algorithms while preserving the optimal solution length (H1). Furthermore, BES and IDDFS would yield optimal solutions more
reliably than DFS, measured by the success rate of solutions found by the algorithm (H2). IDDFS beats BFS and DFS in runtime,
yielding optimal solutions in the fastest time. The results validate both H1 and H2.

KEYWORDS: Computer Science, Graph Traversal, Search Algorithms, BES/DFS.

B Introduction

The Rubik’s Cube is the best-selling toy and puzzle of all
time, so there has been an aura surrounding its challenge.!
Traditional solving methods, such as CFOP (Cross, first 2 lay-
ers, orienting last layer, permuting last layer), Roux, ZZ, and
Petrus, are widely used in the speedcubing world today, but
these generate average solutions of around 50 moves.? The
Fewest Moves Challenge (FMC) was introduced to the World
Cube Association (WCA), the official governing organization
for all competitive speedcubing competitions, in 2015, with the
challenge being as stated in its name. Competitors have 1 hour,
3 cubes, a pen, and paper to find the shortest solution they
can to a given scramble. God’s number is the largest number
of moves it would take to solve any cube state, assuming the
optimal solution. It is known to be 20 moves.* In a hobby and
sport dominated by human interest, how would computers fare
with modern-day search algorithms? Is there an optimal meth-
od for finding the shortest solution to any scramble? If there
is, humans haven’t managed to do it yet, but maybe computer
search algorithms can. Korf’s, Thistlewaite’s, and Kociemba’s
algorithms have produced promising, near-optimal results.*

2-dimensional search trees, featuring a starting node, a goal
node, and everything in between connected by branches, are
also prevalent in the modern world. Google Maps gets you
from point A to point B using heuristic functions dependent on
factors such as traffic, distance, and time, which all factor into
the heuristic cost and can be represented by a set of nodes and
branches joining these nodes.’ In the context of Rubik’s Cube
solving, although classic properties of BF'S, DFS, and IDDFS
are well known, their empirical trade-offs on short scrambles
remain under-quantified. Accordingly, we test two hypotheses:

H1: For short scrambles (<7 moves), IDDFS exhibits lower
median runtime than BFS and DFS while returning opti-
mal-length solutions

H2: BFS and IDDFS return optimal solutions at a higher
rate than DFS across depths 1-7

The roots of this topic come from finding God’s number
for the Rubik's Cube, where an upper and lower bound were
squeezed through a 3-decade process until Tomas Rokicki ez
al. used Google’s supercomputers to find the number to be
20.3 Herbert Kociemba contributed to the process through
Kociemba’s algorithm, which essentially identifies a subset
of states that can all be solved in 18 moves.® Every scramble
can undergo a series of moves to become a state of this subset,
which can subsequently be solved.” Although God’s number
is 20 and not 18, the most common optimal solution length
to any random scramble is 18 moves,® proving Kociemba’s
algorithm’s usefulness. Kociemba’s algorithm is near but not
optimal,6 but by a combination of a known subset and consid-
ering heuristics, it can always find a near-optimal solution in a
reasonable amount of time.’

Korf’s algorithm can find the shortest solution to any Ru-
bik’s Cube scramble, but it is very computationally intensive
and requires significant amounts of resources and time to exe-
cute. Subsequent research attempts have either employed new
techniques to lessen the run time by about 10%,° or depended
on heuristics (IDA*) and known subsets to balance time and
cost against finding a near-optimal solution.

My research employs 3 fundamental search algorithms -
BFS, DFS, and IDDFS - to solve the cube and analyze their
inherent differences in relation to the topic. These 3 methods
have been chosen logically: they are the fundamental basis of
most search algorithms. Despite many papers detailing the
methods used to solve a cube using different search algorithms,
there does not seem to be an existing direct comparison be-
tween the accuracy and runtime of these methods. Although
not done at the higher move counts, which are closer to a true
scramble length, due to lack of memory, the pros and flaws
of each search algorithm can be easily seen for scrambles less
than 8 moves, and also compared against the theoretical search
space. Something which I have done that may not have been
reflected on as much in other previous literature is tracking the
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scrambles used and solutions produced, as paired with certain
move orders; this may produce interesting results for the dif-
ferent search algorithms. The comparison of these 3 different
search algorithms in combination with certain scrambles can
help us to better understand where and when to apply these
fundamental methods when solving the Rubik’s Cube com-
putationally.

B Methods

The first step is representing the cube. A cube net was used,
with a complete list of 54 numbers representing each facelet
on the puzzle. There are 6 faces on a Rubik’s Cube, hence 12
unique 90 o turns (e.g., U for ‘up’ face clockwise, and U’ for ‘up’
face counterclockwise). Each of the 12 possible quarter turns
was then set as a function, each shifting 20 facelets in a certain
way (1 turn moves 21 facelets, less the centerpiece, which is
unaffected). In a graph with nodes representing the states of
the cube and edges connecting these states via quarter-turn
moves, BES is a sweeping algorithm, exploring every possible
move at each depth, then moving on to the next. This ensures
the shortest solution is found each time due to the algorithm’s
completeness. With big O notation, where O(") represents the
most amount of time required in the worst case scenario to
reach the goal node, the time complexity (big O) of BFS is
O(bd), where b represents the branching factor of our graph
(how many children from each node, in this case, 12), and
d being the depth of the goal node; the space complexity is
O(bd) as every node explored at each level is kept in memo-
ry.* BFS employs a FIFO (first in, first out) queue, meaning
each depth is processed from left to right in a designated move
order, guaranteeing the shortest solution each time. It should
also be noted that the general order of action for each algo-
rithm is: check if goal state — explore next node — repeat, in
case the initial state is indeed already the goal state.

DFS employs LIFO (last in, first out) with a stack, adding to
the stack by exploring the deepest paths first, then returning to
the last depth level after hitting a dead end. It has a time com-
plexity of O(bd) and space complexity of O(bd)." This space
complexity is much less than BFS, increasing linearly rather
than exponentially with depth, as DFS only remembers the
path it took to get to a node, along with all the daughters of the
nodes along that path. Immediate inverse moves are pruned
trivially, thus saving time visiting unnecessary paths and pre-
venting endless loops. For experimental reasons, the depth
limit was set to 7, meaning that our DF'S algorithm would only
return solutions for scrambles less than or equal to 7 moves in
length. A higher depth limit would also likely increase solve
times for lower move counts, so it is only fair to set it to be the
same throughout the entire experiment.

IDDFS is a combination of BES up to a certain depth, but
expanding its depth limit by 1 after each level, as the name
suggests. It is effectively DFS being iterated at increasing
depths (as the name suggests). The time complexity of IDDFS
is the same as for BFS and DFS individually (O(bd)), as in the
worst-case scenario, every node will have to be visited before
finding the goal node. Immediate inverse moves are pruned
just like in DFS, which plays out much better for time: due

to IDDFS’s complete, breadth-first character, the branching
factor is reduced from 12 to 11, greatly reducing its realistic
search space. Its space complexity is the same as DFS (O(bd))
due to the algorithm’s intrinsic depth-first nature. Effectively,
IDDFEFS is an extension of DFS, which guarantees the com-
pleteness of BES and the ability to find the optimal solution
each time while maintaining the superior space complexity of
DFS, making it theoretically the ideal search algorithm for
solving the Rubik’s Cube in our case.

A fixed moveset is also specified for every search algorithm
to define the search space and thus the order of execution with
FIFO and LIFO queues. The move setis U,U’,D,D’, L, L, R,
R, E F’, B, B. It is arbitrary, but it may create varying search
times for the greedy DFS depending on what moves are in the
solution.

Here is the link to the code, which is contained in the
GitHub repository:

https://github.com/richard82288-del/rubiks_cube_search_
algo

B Results and Discussion

Results:

https://docs.google.com/spreadsheets/d/1iqReiS-
QxsAv-15¢NupY_3d03f4BrLx1C407KK-S7tzc/
editPusp=sharing

All 3 algorithms employed in this experiment are uni-
form-cost (non-cost-associated), as each move on a Rubik’s
Cube objectively gives an equal probability of reaching the
goal state when the solution is unknown. While BFS gives the
optimal solution each time as expected, DFS sometimes adds
unnecessary moves to the solution, highlighting its greed for
depth. This often results in an equivalent ‘U3’ instead of ‘U”,
or adding an ‘I, ‘F; as its search order prioritizes clockwise
moves before anticlockwise moves, DFS occasionally will add
2 moves to otherwise optimal solutions even in the <6 move
range. However, given lucky move sets often involving se-
quences of U’s, DF'S may occasionally be faster than expected,
leading to a rather unpredictable time-to-move ratio, although
rarely outperforming BFS or IDDEFS in time or solution
length (solution length is rather redundant when analyzing
shorter scrambles, as there is usually only 1 solution from an
algorithmic perspective).

BES crashes the system at 7 move scrambles, as my 8GB
of RAM is not enough to sustain its large but complete space
complexity. Its requirement for great operational capacity or
memory, especially for a problem such as the Rubik’s Cube,
which has a branching factor of 12 (in our case, ignoring dou-
ble moves), makes it unfeasible for slightly longer and more
realistic scrambles.

The DFS stack significantly mitigates BFS’s memory prob-
lem, narrowing down its path to a solution. This does, however,
often lead DFS down the wrong path, often taking longer to
find depth 1 solutions than for higher depth scrambles. Its in-
ability to accept a dead end on a puzzle with no such thing as
the Rubik’s Cube highlights its weakness with greed for depth,
making it very unreliable for solving a Rubik’s Cube, although
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much more likely to find a solution at greater depths than BFS
due to its tiny memory footprint.

IDDEFS typically provides the optimal solution with the
fastest time out of all three algorithms, optimal due to its com-
plete nature and faster than BFS because of its small memory.
Table 1: Number of nodes (states) in the search space for a given scramble
length. The search space increases exponentially, as can be seen in the table.
Note the branching factor is 11 to remove immediate inverse moves, and the

numbers are still rough as there are looping paths, e.g., U U U instead of U’,
which appears in DFS solutions rather frequently.
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Figure 1: Average runtimes across the number of moves in the scramble for
BFS, DFS, and IDDFS. The time taken for IDDFS to find a solution for n
moves closely follows the trend for the number of nodes in the search space.
BFS runs out of space at 8 moves, and DFS seems to take a similar amount of
time regardless of move count.

As can be seen in Figure 1 above, comparing the number of
moves in the scramble with the number of nodes in the search
space (Table 1) and average runtime for each search algorithm,
the number of nodes in the search space increases exponen-
tially. IDDFS also has a trend similar to this increase in the
number of nodes, as its systematic iterative deepening at each
level is dependent on the length of the scramble (and solu-
tion), therefore searching every node at each depth with linear
memory, so it does not store every path. DFS takes about the
same time to return a solution regardless of scramble length,
which makes sense due to its nature of searching deep solu-
tions and potentially missing shorter ones. Note that the depth
limit for DFS is set to be 7 moves due to computational con-
straints. The average time taken by DFS to return no solution
for 8 moves is also, in essence, the time taken for it to visit all
nodes up to 7 moves, which is actually faster than the average
time taken by BFS to generate a solution for 7 moves, but still
slower than IDDFS (Figure 1). In further experiments, god’s
number, the fact that any state of the cube can be solved in
20 moves,3 may be used to set the depth limit, but this may
change the runtimes for lower move counts for DFS, as its
search space is greatly expanded. The more efficient method
for setting DFS’s depth limit would be to use the scramble
length, but this is unrealistic for solving unknown scrambles.

Although IDDFS is typically the fastest, DFS’s reliance on
luck is evident with one scramble “U’, U”, where it found the
solution “U, U” in by far the fastest time for any 2-mover (Re-
sults). This is expected as U is the first move in the set move
order, and it just so happens that in this case, the first path
explored by DFS is the solution, while both BFS and IDDFS
have to sweep the first depth. The runtime for DFS seems to
be random, as, due to its inherent nature, DFS is largely de-
pendent on the specific moves that make up the solution.

B Conclusion

BES works well for solving a Rubik’s Cube when there is
plenty of RAM available, and especially for shorter scrambles
where it is able to guarantee the optimal solution in a rea-
sonable amount of time. DFS has the advantage of a small
memory footprint, but its reliance on a known and set depth
limit makes it both unreliable and unrealistic for solving a Ru-
bik’s Cube. Even with God’s number of 20, DFS may produce
unnecessarily long solutions or fail to find a solution even after
a long time, as it is luck-based. However, when the set depth
level is similar to the scramble/solution length, DFS may even
be faster than IDDFS.

A combination of BFS and DFS, in essence, we can con-
clude that IDDFS is the best search algorithm of the three for
solving a Rubik’s Cube. With the optimality of BF'S and the
scalability of DFS, IDDFS’s iterative deepening can guarantee
the optimal solution in a reasonable amount of time using a
reasonable space complexity.

Given enough RAM, further experimentation can be done
to discover the limits of IDDFS with respect to Rubik’s Cube
solving and how it compares with IDA™ in terms of time taken
to find the optimal solution. Setting DFS’s depth limit to god’s
number, 20, would also be worthwhile to see its results. I have
not done so for the sake of time, and the main goal is to com-
pare these 3 search algorithms rather than delving deep into 1.

The Rubik’s Cube is just one example of the applications of
a search algorithm, which I happen to be very interested in. A
better understanding of the risks and benefits involved with
each of these fundamental search algorithms in graph theory
helps us to make better decisions when it comes to similar re-
al-life situations where there are legitimate consequences.
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