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ABSTRACT: This paper presents a statistical analysis and model framework for simulating and analyzing sabre fencing bouts 
using discrete stochastic processes. Sabre fencing is a ‘first-to-15’ sport without time constraints, which aligns well with event-
based modeling. The model uses a Poisson race model, where each fencer scores touches based on their average scoring rate 
(𝜆). The parametric approach allows for the derivation of analytical win probabilities via the negative binomial distribution and 
enables comparison of fencers who have never competed against each other. To capture the real-world impact of penalties, a 
state-dependent Markov chain was used to model the FIE’s escalating card rules, moving beyond a simple memoryless model. 
Simulations of 10,000 bouts validate the framework against theoretical results and quantify the influence of scoring rates and 
penalties on bout outcomes. This study establishes a foundational, parametric model for sabre, demonstrating how classical 
probability models can effectively represent dynamic, rule-driven competition and provides a framework for understanding and 
predicting outcomes in sabre fencing.  
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�   Introduction
In recent years, the field of statistical modeling has become 

fundamental to advanced performance analysis across many 
sports. The rise of sports analytics, popularized by “sabermet-
rics” as seen in the movie Moneyball, signaled a major shift: the 
use of probabilistic models to uncover hidden values that tra-
ditional scouting methods could not.1 This concept has since 
altered many other major sports. For instance, Poisson distri-
bution-based models have become prominent in predicting 
goals scored in hockey and soccer. In contrast, Markov chain 
models have been used to evaluate possession value in basket-
ball, and linear probability models for tennis.2-5 At the center 
of this revolution is the use of probability not just to describe 
what happened, but to forecast what will happen.

Despite this revolution, fencing remains largely unexplored. 
Existing quantitative research falls into three groups. The first 
focuses on physical and technical characteristics for technical 
and tactical analysis, notably biomechanical or motion analy-
sis.6,7 While valuable, there is a gap, as strength in fencing is 
not only a product of isolated physical attributes. A fencer with 
high speed or reach may lose to an opponent with great and 
practical strategy or decision-making. A great example is Aron 
Szilagyi, the three-time individual Olympic sabre champion. 
While not being the fastest or tallest, his exceptional footwork 
and tactical intelligence have consistently allowed him to out-
perform athletes with more physical advantages. The second 
and third focus on visualization and deep learning tools for 
interpreting bout data and statistical models, as exemplified by 
Bradley-Terry to infer aggregate “player strength” from win-loss 
records.8-11 Addressing the limitations in the first group, a re-
cent and complementary research focuses on simulating bouts 
from video data by modeling sequences of discrete actions. Lin 
et al. (2025) developed a pipeline to extract fencer motion and 
positions from video, clustering them into discrete actions, and 

then modeling bout progression using a probabilistic state ma-
chine.9 This data-driven model effectively captures the tactical 
interplay of action in a touch.

While these existing tools have advanced fencing analytics, 
two limitations remain. First, biomechanical and technical 
analyses describe physical attributes or movement patterns 
but are not designed to produce win probabilities or to isolate 
how a fencer’s ability translates to bout contexts. Second, ap-
proaches, such as Bradley-Terry ratings and video-based state 
machine simulators, can rank fencers or replicate actions, yet 
they do not provide a compact, parametric model that yields 
closed-form solutions and enables prediction for fencers who 
have never faced each other. Consequently, a gap exists for a 
foundational, interpretable probability model at the bout lev-
el. The approach of Lin et al. is complex, while foundational 
works in sports analytics have consistently shown the power 
of simple, parametric models, for example, the Poisson distri-
bution, for general insights and closed-form solutions.2,3 This 
proposed Poisson race model addresses this gap, positioning as 
the “xG of fencing,” whereas the model of Lin et al. functions 
as a detailed “play-by-play” simulator that generates tactical se-
quences.9

The sport’s ‘first-to-15’, discrete-points structure naturally 
aligns with discrete-event models. Bouts are treated as a race 
between two independent Poisson processes, providing closed-
form win probabilities via the negative binomial distribution. 
Penalties are incorporated through a discrete-time Markov 
chain that captures the FIE’s escalating penalty card rules. The 
research addresses two core questions: (1) How can discrete 
probability distributions simulate and analyze sabre bouts? 
(2) What insights can these simulations provide about match 
outcomes and the influence of penalties? By addressing these, 
the study aims to provide a simple, parametric framework that 
yields interpretable win probabilities and quantifies risk from 
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penalties, establishing a benchmark for future fencing analyt-
ics.

�   Methods
This study combines both theoretical probability models 

and computational simulations to model sabre fencing. A 
sabre bout is won by the first fencer to score 15 touches. As 
touches occur as separate, random events, the scoring process 
can be described using discrete probability distributions. The 
model uses a Poisson process and its exponential inter-arriv-
al times, while penalties (yellow and red cards) are modeled 
as a discrete-time Markov chain. Analytical win probabili-
ties are derived from the negative binomial distributions and 
simulations, and Python is used to validate and extend these 
analytical results.

Poisson Race Model and Closed-Form Win Probability:
A sabre bout is conceptualized as a race between two inde-

pendent Poisson processes.12 A scoring parameter characterizes 
each fencer, 𝜆, which represents the average number of touch-
es scored per bout. In this context, since a bout ends when 
reaching 15 points and has no time limit, the “time” variable is 
abstract. It represents the bout through scoring exchanges, not 
physical clock time. Therefore, the “time interval” is set to 𝑡=1 
bout, simplifying the model. The number of touches, 𝑋, scored 
by a fencer thus follows a Poisson distribution.12

The Probability Mass Function (PMF) of a Poisson distri-
bution gives the probability of how many times 𝑘 events occur 
in a fixed interval.13,14

This model relies on key assumptions that are reasonable 
approximations for sabre: (1) events occur independently of 
previous touches, (2) scoring rate 𝜆 is constant throughout the 
bout (no fatigue or momentum), and (3) in a single exchange, 
the probability of more than one touch is negligible. Strictly, 
only one scoring touch can occur per exchange, but a penalty 
point (awarded for a red card) may be added during the same 
exchange. The model, therefore, treats the scoring touch and 
penalty point as separate events rather than multiple touches.

Because the two Poisson processes are independent, the 
probability that the next touch in the bout is scored by Fencer 
A against Fencer B is constant and given by13

where this probability does not depend on the state of previous 
touches; a memoryless property inherited from the Poisson 
processes. Although the number of exchanges between touch-
es is random (and would follow an exponential distribution if 
we measured abstract “bout time”), only the order of touch-
es matters to determine the winner.13,14 Thus the bout can be 
treated as a sequence of independent Bernoulli trials with suc-
cess probability pA.

A key property of the Poisson distribution is that its vari-
ance is equal to its mean (𝜆).12-14 This means that a fencer’s 
scoring is unpredictable, where the number of touches they 
score in a bout will naturally vary from one bout to another, 

with a spread defined by 𝜆. This built-in variance is a strength 
of the model, as it captures the element of chance in any 
sport. Adding to the memoryless property of the exponential 
distribution, this ‘first-to-15’ race amplifies that underlying 
randomness, ensuring that even a significantly stronger fencer 
(λA > λB) has a non-zero probability of losing, which aligns 
with the real-world dynamics of sabre fencing, where upsets 
are possible, and no fencer is immune to it.

The number of touches scored by Fencer B before Fencer A 
reaches 15 therefore follows a negative binomial distribution. 
(see Appendix A). In general, for a sequence of independent 
trials with success probability 𝑝, the cumulative probability of 
at most 𝑘 failures before the 𝑟-th success is:14

Applying this to a first-to-15 sabre bout with 𝑟=15, 𝑘=14, 
and 𝑝= pA, Fencer A wins if Fencer B scores at most 14 touches 
before A’s 15th touch. Therefore:

Here the binomial coefficient k+14Ck counts the number of 
sequences in which Fencer B scores exactly 𝑘 touches before 
Fencer A’s 15th touch.13 This closed-form theoretical prob-
ability serves as a benchmark to compare with simulation 
results and validate the simulation.

For example, with λA =12 and λB =8, we have pA =0.6 and 
closed-form probability as follows:

Modeling Penalties with State Dependent Thresholds:
The initial baseline model for penalties treated each card 

as an independent event, modeled with a Bernoulli process. 
However, the FIE's penalty escalation rules are state-depen-
dent.15 To accurately capture this, we extend the model to a 
discrete-time Markov chain, where the probability and conse-
quence of a penalty depend on the fencer's current card state.

In sabre fencing, we consider 2 penalty types relevant to 
bout scoring: yellow cards and red cards. Black cards, which 
result in immediate disqualification from the entire competi-
tion, are excluded from this model due to their extreme rarity 
in bout-level outcomes. Under FIE rules, a fencer starts in a 
two-yellow threshold regime: two yellow cards accumulated 
before any red card result in a red card and a penalty point for 
the opponent. Once a fencer receives any red card (directly or 
through two yellow cards), they enter a one-yellow threshold 
regime: any subsequent yellow card immediately yields anoth-
er red card (and another penalty point).

This system is naturally modeled as a discrete-time Markov 
chain, where the probability of transitioning between penalty 
states depends only on the current state.16 The model defines 
three distinct states based on the current threshold and the 
number of yellow cards a fencer has at touch k , where S0,k is 
the starting state for every bout. The states S₀ and S₁ belong 
to the initial two-yellow regime; T₀ is the post-red-one-yellow 
threshold regime.

•	 S0,k: The probability that the fencer is in the initial 
“two-yellow threshold” regime and has zero yellow cards
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•	 S1,k: The probability that the fencer is in the initial 
“two-yellow threshold” regime and has one yellow card

•	 T0,k: The probability that the fencer is in the post-red 
“one-yellow threshold" regime and has zero yellow cards

On any touch, a fencer may receive a yellow card with prob-
ability py, a direct red card with probability pr, or no card (pN 
= 1 – py – pr ). The state transitions are illustrated in Figure 
1, which shows the three penalty states and probabilities of 
moving between them.

It is important to distinguish the triggering mechanism 
from the consequences of a card. While py and pr are constant, 
memoryless probabilities, whether a yellow card awards a pen-
alty point is state-dependent: in the two-yellow regime (S₀, 
S₁), two yellows are needed for a red card; in the one-yellow 
regime (T₀), a single yellow immediately yields a red card. This 
hybrid model is set with Bernoulli card events with a state-de-
pendent scoring impact, which is the key extension beyond a 
simple binomial penalty model.

The probability of a penalty point being awarded on touch  
k is therefore 

The state probabilities update as follows:

with pN = 1 – py – pr and initial conditions S₀,₀ = 1, S₁,₀ = T₀,₀ = 
0. This models the probability of a red card at each exchange, 
capturing the escalation rules compactly.

Integration of Models:
To unify the scoring and penalty processes, we frame the 

bout using joint probability distributions.16 The framework as-
sumes that the scoring fencer is not the one receiving a card 
in the same exchange; situations where a touch is annulled 
because the scored committed an offence (e.g., guard punch, 
leaving piste) are excluded. This simplification keeps the joint 
distribution tractable and focuses on the more common case 
where the penalty goes against the non-scoring fencer.

Let 𝑋 represent the scoring outcome and 𝑌 represent the 
penalty outcome for each exchange. Their joint probability 
mass function is 𝑃 (𝑋=𝑥,𝑌=𝑦).16 This gives the probability that 
the outcome 𝑥 for scoring and outcome 𝑦 occur together on 
the same touch.

For each exchange, we consider six mutually exclusive joint 
events:

1. A scores, no red card for either → A +1
2. B scores, no red card for either → B +1

3. No score, A receives a red → B +1 (penalty point)
4. No score, B receives a red → A +1 (penalty point)
5. A scores and B receives a red card. → A +2 (touch + pen-

alty point)
6. B scores and A receives a red card. → B +2 (touch + pen-

alty point)
Let RB denote the event that fencer B receives a red card. 

Then 𝑃 (A scores, Y = RB) = 𝑃 (𝐴 𝑠𝑐𝑜𝑟𝑒𝑠) ∙ 𝑃 (RB), assuming 
independence between the scoring outcome and card events as 
the bout progresses.

And similarly for the symmetric case. This reflects situations 
where a fencer scores a valid touch while their opponent gets 
a penalty card.

The overall bout outcome marginalizes over the joint distri-
bution of penalty states:

where, 𝑃 (YA = yA, YB = yB) is the joint probability of penalty 
states from the Markov chain. This is estimated by running a 
Markov chain simulation and counting how often each state 
combination occurs. 𝑃 (A wins | YA = yA, YB = yB) incorporates 
the adjusted probabilities for all six joint outcomes and is the 
conditional probability.

This comprehensive joint framework captures the full com-
plexity of sabre fencing, where scoring and penalty can occur 
simultaneously, sometimes resulting in multiple point awards 
within a single exchange.

Simulation Design and Parameter Justif ication:
To operationalize the theoretical model and explore sce-

narios, a discrete-event simulation was developed in Python 
(v3.10). The simulations of 10,000 bouts were implement-
ed using the NumPy library for random number generation 
and the Matplotlib and Seaborn libraries for visualizations. 
The Python code was developed with the assistance of large 
language models to generate code for the simulation and is 
publicly available in a GitHub repository: https://github.com/
LynnAchamo/sabre-fencing-model.

The baseline matchup uses λA = 12 and λB = 8. The relative 
advantage of 50% creates a clear but not overwhelming skill 
gap. Analytically, Fencer A wins 86% of bouts, leaving a 14% 
upset rate. This reflects the reality that no fencer is unbeatable. 
However, the parameters are illustrative, and 𝜆 for each fencer 
could be estimated from historical bout data.

Yellow and direct-red card probabilities were set at py = 0.10 
and pr = 0.02 per touch. Public datasets of sabre penalty rates 
are not available: for this reason, values are synthetic. They are 
set somewhat higher than elite-level bouts so that the effect 
of the state-dependent escalation is observable across 10,000 
bouts, while keeping cards rare.

Every figure in the Results section is generated from the 
same baseline parameter set (λA = 12, λB = 8, py = 0.10, pr = 
0.02) and 10,000 bout simulations unless explicitly noted oth-
erwise.
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Figure 1: State transition diagram for the sabre fencing penalty model. This 
diagram illustrates the three penalty states and the probabilistic transitions 
between them through a Markov chain.
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For the one-sample proportion test, the null hypothesis H₀: 
p = p₀ is tested against the two-sided alternative HA: p ≠ p₀. 
Because the number of trials is large and p₀ is not extreme, the 
test statistic given by

approximately follows a standard normal distribution under 
H₀.14 The corresponding two-tailed 𝑝-value is 𝑃 (|Z| > |z|) 
to determine whether the true probability is different from p₀  
(either larger or smaller). We use a significance level of 𝛼=0.05, 
where failure to reject H₀ indicates that the simulation and the 
theoretical model are statistically consistent.

To quantify the uncertainty around p̂, we construct a 95% 
confidence interval using the Wilson score method. The Wil-
son interval was selected over the Wald (normal approximation) 
interval due to its improvement over the normal approximation 
interval for handling proportions near 0 or 1 better and does 
not rely on the assumption that p̂ is normally distributed when 
probability is skewed.17 The interval is given as:

Here, zα/2 = 1.96 for 95% confidence; that leaves the tail area 
of α/2 on each side. An interval that contains the theoretical 
value p0 provides further evidence that the simulation faithful-
ly represents the theoretical model.

After running the simulation, the observed p̂, 𝑧-score with 
its 𝑝-value, and Wilson confidence interval will be reported in 
the Results section. Additionally, we will compute Wilson in-
tervals at the 90% and 99% level to examine robustness.

Model Assumptions and Limitations:
The model is built upon several key assumptions, where the 

consequences are important in interpreting results and limita-
tions. These assumptions fall into two categories: those for the 
scoring process and those for the penalty events.

For the scoring process, the model assumes a fencer’s scoring 
rate (𝜆) remains constant through the bout, without account-
ing for fatigue, momentum, or tactical changes. This means the 
model may underestimate the probability of comebacks and a 
performance decline that occur in real bouts. Additionally, each 
touch is treated as an independent event following a Poisson 
process, thereby ignoring psychological factors, namely confi-
dence shifts after winning consecutive touches or frustration 
following losses.

The penalty model introduces a state-dependent logic 
through a discrete-time and discrete-state-space Markov pro-
cess (i.e., Markov Chain), where the consequence of the card 
depends on the current penalty state.16 A key assumption of 
this Markov model is time-homogeneity, where the probabili-
ties of a yellow card (py) and a direct red card (pr) are constant 
for every touch. This modeling convenience provides a baseline 
but may understate real-world dynamics where a fencer, feeling 
pressured late in a bout, becomes more aggressive and prone to 
penalties, or a referee's card frequency changes.

Sensitivity Analysis:
A sensitivity analysis will be conducted to examine how 

changes in fencer strength affect win probabilities.14,18 We de-
fine fencer strength through a relative scoring rate or the ratio 
of the two Poisson rate parameters ρ = λA/λB. This ratio is dif-
ferent from the probability that Fencer A wins a single scoring 
exchange described as pA = λA/(λA + λB) = r/(1+r), from which 
the race-to-15 win probability 𝑃 (𝜌) follows the negative-bino-
mial cumulative distribution (Appendix A):

This relationship is nonlinear, where small changes in 𝑟 near 
parity (i.e., when 𝜌≈1, meaning the fencers are relatively even) 
produce larger changes in 𝑃 (𝜌), while the same amount of 
change far from parity has a much smaller effect.

Sensitivity is measured by dP/dρ. Applying the chain rule:

For two evenly matched fencers (ρ = 1, pA = 0.5), we have 
dpA/dρ = 1/4.

The derivative dP/dpA can be calculated from the PMF 
of the negative binomial distribution at pA = 0.5, and is ap-
proximately 4.380, giving dP/dρ ≈ 1.10. Thus, a 10% relative 
improvement in 𝜌 near parity translates into an expected in-
crease of 11% in win probability, confirming the large impact 
of small skill improvements in a 1:1 skill matchup.

To reflect the inherent variability of one bout, we construct a 
95% confidence interval around the theoretical win probabili-
ty. Treating the bout as a sequence of independent point-level 
trials, the effective sample size is the expected number of total 
exchanges:13,14

The standard error of the win probability is SE = √P(1 – P)/
neff, and the resulting 95% interval for a single bout is 𝑃 ±1.96 
𝑆𝐸 (reported in Table 1).

A note is that this interval quantifies the “bout-level” con-
fidence interval, rather than the Wilson confidence interval 
used later in the simulation validation. The Wilson interval 
captures the faithful representation of the empirical win pro-
portion across 10,000 independent simulations, whereas the 
interval here computed reflects the uncertainty of a single bout 
under the same fixed parameters.

Simulation Validation and Statistical Methods:
To assess whether the discrete-event simulation faithfully 

represents the closed-form Poisson race model, we will per-
form a hypothesis test and construct a confidence interval for 
the simulated win probability. The theoretical win probability 
for Fencer A is derived from the negative binomial distribution 
(see “Poisson Race Model and Closed-Form Win Probabili-
ty”) and serves as the null-hypothesis value p₀. The simulation 
will be run for 𝑁=10,000 independent bout simulations for 
the base scenario (λA = 12, λB = 8) and will record the number 
of bouts won by Fencer A. Let p̂ denote the simulated win 
proportion.
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Figure 2 displays Wilson confidence intervals for the sim-
ulated win proportion at 90%, 95%, and 99% confidence 
intervals. The 95% Wilson interval was [0.854,0.868], which 
contains the theoretical value of 0.864. The 90% and 99% 
confidence levels also include 0.864, showing consistency of 
simulation results across different statistical confidence levels.

These validation results demonstrate that a simple Poisson 
race model can serve as a reliable benchmark for sabre bout 
outcomes. If a fencer’s scoring rate 𝜆 can be estimated from 
historical bout data, then the model offers a way to com-
pare two fencers even when they have never faced each other. 
Because the win probability follows directly from the two 𝜆 
values, the model provides a quantitative baseline against 
which real-world outcomes can be compared. While the cur-
rent parameters are illustrative, the structure demonstrates 
how such a model could, with empirical data, help produce 
interpretable competitive bout expectations, where more com-
plex psychological or tactical effects can later be measured.

Sensitivity Analysis:
Having established that the simulation faithfully reproduces 

the closed-form win probability, we next examine how that 
probability responds to changes in relative fencer strength. 
The table below reports the theoretical win probabilities and 
single-bout 95% confidence intervals for various ratios of 𝜌 
(derivation of sensitivity and confidence-interval setup is given 
in the Methods). Three patterns emerge from Table 1.

First, the relationship between relative scoring rate and win 
probability is strongly nonlinear: a +10% advantage (𝜌=1.10) 
increases win probability from 50% to 60.2%, while a +50% 
advantage (𝜌=1.50) results in an 86.4% win probability. This 
nonlinear amplification effect, where small skill differences 
create substantial changes in win probability, occurs because 
the first-to-15 structure magnifies small per-exchange advan-
tages.

Second, the most efficient range for competitive improve-
ment is between parity and about a 20% advantage. The 
sensitivity of win probability to relative scoring rate at parity 
is dP/dρ ≈ 1.10 (Methods), meaning that near a 1:1 skill ra-
tio, each 10% increase in 𝜌 translates into an approximate 11% 
increase in win probability. Beyond a 50% advantage, the re-
sulting increase in win probability diminishes sharply, creating 
a critical competitive threshold where further skill improve-
ments add little to the probability of winning.

However, this approach still assumes the fundamental 
probabilities of receiving yellow (py) and direct red (pr) cards 
are constant and not influenced by scoring dynamics, fenc-
er behavior, or referee biases. In reality, a fencer losing by a 
large margin may become more aggressive and susceptible to 
penalties, or a referee’s card frequency may change as a bout 
progresses.

A fundamental limitation comes from the interaction be-
tween these two modeling approaches. The scoring model 
assumes memoryless, independent events, while the penalty 
model explicitly incorporates memory through state tracking. 
This hybrid provides a baseline representation but cannot cap-
ture more subtle interactions, notably how receiving a yellow 
card might affect a fencer’s subsequent scoring probability.

Finally, the model treats the two fencers’ processes as in-
dependent, neglecting adaptive strategies where a fencer may 
alter their tactics based on the opponent’s habits. A high 𝜆 
might be suppressed by effective defensive strategies from the 
opponent, and interaction is not accounted for here.

These limitations are not weaknesses but rather clear di-
rections for future work, as discussed later in the conclusion, 
where paths for incorporating more dynamic, interactive ele-
ments into the modeling framework will be outlined based on 
these assumptions.

�   Results and Discussion 
Validation of Poisson Race Model:
To confirm that the simulation faithfully implements the 

Poisson race model, we first compare its output to the theoret-
ical win probability. For the baseline matchup (λA = 12, λB = 8), 
the theoretical win probability derived from the negative bino-
mial model is 0.864 (see Methods). The simulation of 10,000 
bouts produced an empirical win proportion p̂ = 0.861 for the 
stronger fencer. The close agreement between the theoretical 
and simulated win probabilities, a difference of 0.3 percentage 
points, validates that our Poisson race framework captures the 
core dynamics of a sabre bout.

To assess whether this discrepancy is statistically significant, 
a one-sample proportion test was performed as described in 
the Methods. The resulting z score was -0.758, yielding a two-
tailed p-value of 0.448. At the standard significance level of 
𝛼=0.05, we fail to reject the null hypothesis that the true win 
probability equals the theoretical value. Therefore, the simula-
tion and the analytical model are statistically consistent.
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Figure 2: Wilson confidence intervals for simulated win probability (λA = 12, 
λB = 8, 10,000 bouts). The theoretical value 0.864 from the negative binomial 
formula falls inside all intervals, validating the simulation’s consistency with 
the model.

Table 1:  Sensitivity analysis of win probabilities to scoring rate variations. A 
small increase in relative scoring rate yields substantial gains in win probability.
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Third, the confidence intervals in Table 1 highlight the 
enormous bout-to-bout variability inherent in a race to 15. 
Even for evenly matched fencers (𝑃 =0.500), the 95% interval 
spans from 0.422 to 0.578, so a single bout is very noisy, indi-
cating the underlying skill difference. This interval narrows as 
𝑃 approaches 0 or 1, but they remain wide enough that upsets 
are plausible even when there is a clear winner.

This analysis supports the paper’s premise that a compact 
parametric model can capture a key competitive dynamic 
where small skill differences, when in the first-to-15 format, 
can create significant changes in expected outcomes. The mod-
el therefore provides a benchmark backing for discussing the 
importance of technical improvements, even if they are small, 
and explains why stronger fencers are not guaranteed victory 
in any bout.

Score Margin Distribution:
Sensitivity analysis reveals how win probability shifts with 

scoring rates, but it does not capture characteristics of the bout 
outcome. We therefore examine the distribution of winning 
and losing margins for the baseline matchup. We define a “de-
cisive victory” as a win by four or more touches and a “close 
victory” as a win by three or fewer.

Figure 3 displays the histograms of margins for wins and 
losses of the stronger fencer. When Fencer A won (85.83% of 
bouts), the victories were mostly decisive: 68% of wins were by 
a margin of four or more touches. In contrast, when the stron-
ger fencer lost (14.17% of bouts), the defeats were close for an 
overwhelming number of times: 72% of losses came from a 
margin of one to three touches.

The sample skewness quantifies this contrast. For winning 
margins, Pearson’s coefficient 𝛾=0.16, indicating approximate 
symmetry. For losing margins, Pearson’s coefficient 𝛾=1.1, re-
flecting the right skewness visible in the distribution of Losing 
Margins (Figure 3), where most losses are narrow. The variance 
of the margin distribution is significant (35.340, see Table 2), 
a direct consequence of the Poisson assumption linking mean 
and variance and of the amplification introduced by the first-
to-15 rule. It quantitatively demonstrates the high level of 
unpredictability in bout outcomes. Thus, even a decisive-look-
ing 15 -10 win and a narrow 15 -14 loss are both plausible 
outcomes for the same skill matchup, purely due to random 
variation in the touches. This model can be used in the future 

to examine whether an observed sequence of bout outcomes 
deviates from what randomness would produce, tracking pro-
gression of player growth or stagnation.

Penalty Analysis with State-Dependent Model:
Finally, we incorporate the penalty model to assess FIE’s es-

calating card rules influences bout outcomes. All simulations in 
this section use the baseline scoring parameters and the penalty 
probabilities py = 0.10, pr = 0.02. Although sabre bouts end 
when one fencer reaches 15 touches, the penalty-state model 
was simulated both under bounded (race-to-15) and extended 
(up to 30 total touches) conditions. Tables and figures are gen-
erated from 10,000 bounded bout simulations, unless noted. 
The unbounded results appear in Appendix B.

Table 2 summarizes the number of penalties and the timing 
of the first penalty. Under the assumed baseline condition, an 
average bout contained 2.909 ± 1.696 yellow cards and 0.438 ± 
0.586 red cards. The first penalty was observed, on average, at 
touch 7.337 ± 3.112, indicating that most bouts saw a transition 
into a state with higher card-escalation risk (S₁ or T₀) within 
the first third of the bout. The high variance for both yellow 
cards (Var = 2.963) and red cards (Var = 0.368) indicates that 
penalties are not evenly distributed across bouts but instead 
are clustered randomly. This is a consequence of two factors: 
the underlying Bernoulli process that governs the issuing of 
cards, and the state-dependent escalation rules that transform 
the independent card events into a non-homogeneous process 
for scoring penalty points. While the probability of a referee 
giving a card on any single touch is constant (a Bernoulli trial), 
the probability that a card results in a point-winning red card 
is state-dependent. This combination of a memoryless trigger 
and memory-based consequence is what creates the high vari-
ance and random clustering observed in the data.
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Figure 3: Distribution of victory and defeat margins for a stronger fencer 
(λA = 12 vs λB = 8) from 10,000 simulated bouts. Wins tend to be decisive 
(≥4 touches), while losses tend to be close (1-3 touches). This asymmetry 
shows that when a stronger fencer loses, it is most likely a narrow upset, while 
their victories are by a larger margin, underscoring how the first-to-15 format 
amplifies randomness.

Figure 4: Marginal penalty distribution and first penalty timing under 
bounded (race-to-15) conditions (λA = 12, λB = 8, py = 0.10, pr = 0.02, 10,000 
bouts). Most first penalties occur in the middle stage of the bout, and red 
card distributions are heavily right-skewed. This non-uniformity is a direct 
consequence of combining the memoryless card issuing with state-dependent 
escalation.

Table 2: Penalty Dispersion and Descriptive Statistics Bounded (race-to-15). 
Penalty events show high variance within the first penalty, typically occurring 
around touch 7.
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Figure 4 shows the distribution of the first penalty touch and 
the yellow and red card count per bout. The first penalty timing 
distribution is unimodal with a peak in the middle phase of the 
bout. Red cards are heavily right-skewed: 62% of bouts have 
none, 25% have one, and 13% have two or more. This asymme-
try comes naturally from the threshold rule.

Introducing penalties into the Poisson race model simula-
tion lowered the stronger fencer’s overall win probability from 
the penalty-free theoretical value of 0.864 to 0.857 (Table 3). 
While the reduction is modest in absolute terms (-0.8%), the 
impact becomes significant when conditioned on the presence 
of any penalty. In 97.2% of bouts where at least one yellow 
or red card was issued, Fencer A’s win probability dropped 
to 0.835, a decrease of 3.4% relative to the penalty-free case. 
Thus, penalties function as high-impact, low-frequency events. 
While the probability of a penalty point due to a red card is rare 
on any single touch, when one does occur, it has a meaningful 
impact on the bout’s trajectory, rather than being a negligible 
background factor.

Figure 5 presents the evolution of Markov state probabilities 
across consecutive touches. The probability of remaining in the 
safe two-yellow regime (S₀) decreases exponentially from 1.0 to 
0.04 by touch 30. The intermediate one-yellow state (S₁) peaks 
around touches 8-10 at approximately 0.38, and the post-red 
regime (T₀) rises steadily to 0.58. By the latter half of the bout, 
more than half of the fencers operate under the heightened 
one-yellow threshold, where any yellow card immediately 
results in a penalty point. This quantitatively captures the intu-
ition that early warnings create long-lasting, escalating danger.

From a practical standpoint, the results could be used by 
coaches to underscore the importance of discipline from the 
first touch and through a bout. Additionally, the analysis sup-
ports the paper’s central argument. By treating a bout as a 
stochastic race with state-dependent rules, we can move be-
yond simple outcome descriptions and begin to quantify how 
skill, risk, and rules interact to create the dynamics we see in 
competitive sabre fencing. From a modeling standpoint, these 
results demonstrate how integrating even a simple three-state 
chain can reproduce the cumulative escalation rules observed 

in actual competition, providing a statistically interpretable 
bridge between rules and bout dynamics.

�   Conclusion 
This paper presented an integrated probabilistic framework 

for modeling sabre fencing bouts using discrete stochastic 
processes. The Poisson race model, supported by negative bi-
nomial analytical results and large-scale Python simulations, 
demonstrated that fencers’ scoring rates can accurately pre-
dict bout-level outcomes. Validation tests confirmed close 
agreement between theoretical and simulated win probabil-
ities, with an absolute difference of less than 0.3 percentage 
points (0.864 theoretical vs 0.862 simulated). Incorporating 
the Markov-based penalty model extended this analysis to 
rule-dependent dynamics, revealing that although penalties are 
rare, their cumulative nature introduces asymmetry and a mea-
surable reduction in win probability.

The primary contribution of this work is establishing a 
foundational, parametric model for Sabre, similar to how the 
early 'xG' models revolutionized soccer analytics. While this 
model excels at quantifying the baseline interplay of skill and 
discipline, its simplifying assumptions mean it does not directly 
capture psychological factors, namely, momentum or frustra-
tion. However, this is also its strength, as it provides a neutral 
expectation, where it becomes a benchmark against which 
these more complex effects can be identified and measured. For 
instance, a fencer who consistently outperforms their predict-
ed win probability during a competition may have exceptional 
psychological resilience or tactical creativity under pressure.

The findings offer several practical insights for the fencing 
community. For the coaches and athletes, sensitivity analysis 
reveals a strong nonlinear relationship, where small, achievable 
improvements in scoring rates (e.g., 10-20%) can result in a 
large boost for win probability. This emphasizes the value of 
refining technique with a wide range of possibilities for de-
velopment. Furthermore, the penalty model offers a concrete 
tool for teaching discipline management, visually showing 
how an early yellow card can significantly increase a fencer’s 
vulnerability for the entire bout. For referees and officials, the 
state-dependent penalty model provides a quantitative per-
spective of the set rules of fencing. It underscores that a yellow 
card is not just an isolated warning but a fundamental shift in 
the bout’s risk structure, potentially influencing the final bout 
outcome.

Looking forward, this framework opens many directions for 
future research. The most immediate step is adding empiri-
cal data: collecting historical bout data to estimate real-world 
scoring rates and penalty frequencies, then performing good-
ness-of-fit tests to compare simulated and actual victory 
margin distributions. The model can be extended to other 
fencing disciplines (foil and epee) by adjusting to time lim-
its and incorporating discipline-specific rules. Further study 
could incorporate probabilities that change over time to reflect 
referee behavior or psychological effects (e.g., increased card 
frequency when a fencer is losing), and could also examine 
whether penalties disproportionately affect weaker fencers in 
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Figure 5: Markov penalty state probabilities over first 30 touches, computed 
analytically from the state transition equation with py = 0.10, pr = 0.02. The 
initial state S₀ decays exponentially, while the post-red regime T₀ rises steadily, 
showing how penalty risk accumulates.

Table 3: Penalty Win Probabilities Bounded (race-to-15). Penalties reduce 
the stronger fencer’s win probability, especially in bouts where penalties occur, 
revealing high conditional impact despite low frequency.
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actual competition. Integrating this parametric approach with 
machine learning and motion analysis could also improve both 
accuracy and tactical insight.

The clearest takeaway from this work is that classical prob-
ability models, even with simple assumptions, can offer a 
useful framework for understanding strategy, risk, and out-
come patterns in competitive sabre fencing. By treating a bout 
as a stochastic race with state-dependent rules, we can move 
beyond just outcome description to a deeper analysis of how 
skill, risk, and rules interact to shape bout dynamics, providing 
a foundation for the future of fencing analytics.
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�   Appendix A: Derivation of the Negative
Binomial Distribution
This appendix provides the mathematical derivation of the 

negative binomial distribution from first principles.
Imagine a sequence of independent Bernoulli trials (e.g., 

coin flips), each with a probability of success 𝑝 and failure 1−𝑝. 
Let the random variable 𝑋 represent the number of failures 
observed before the 𝑟-th success. The event {𝑋=𝑘} occurs if and 
only if exactly 𝑟−1 successes occur in the first 𝑘+𝑟−1 trials, and 
the (𝑘+𝑟)-th trial is a success.

The number of ways to arrange 𝑟−1 successes and 𝑘 failures 
in 𝑘+𝑟−1 trials is given by the binomial coefficient:

The probability of any specific sequence with 𝑟−1 successes 
and 𝑘 failures is:

Therefore, the probability of getting the (𝑟−1)-th success ex-
actly on the (𝑘+𝑟−1)-th trial is:

We now need one more success on the next trial, or the final 
trial. The probability of this is 𝑝. Since the trials are indepen-
dent, the joint probability is the product of the two probabilities 
above:

Simplifying the exponents of 𝑝 gives us the classic PMF of 
the Negative Binomial distribution:
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�   Appendix B: Unbounded Penalty Analysis
This appendix presents the results of the Markov state-de-

pendent penalty model under unbounded conditions, where 
the simulation was run for a cumulative 29 touches (the max-
imum number of exchanges in a 15-14 bout). This is different 
from the bounded (race-to-15) model in the main paper. The 
unbounded model removes the variability in total touches, 
allowing us to observe the full evolution of the penalty state 
probabilities and get a smoother estimate of long-term penalty 
dynamics.

Results and Comparison with Bounded Model:
Under the same baseline conditions (py = 0.10, pr = 0.02), the 

10,000 unbounded simulations over 29 touches produced the 
following averages: 2.995 ± 1.722 yellow cards, 0.494 ± 0.609 
red cards per bout (Table B1). The mean first penalty occurred 
at touch 7.78 ± 3.5. As expected, the average number of yel-
low cards and red cards is higher than in the bounded model 
(2.909 ± 1.696 and 0.438 ± 0.586, respectively), because bouts 
are artificially extended to their maximum possible length. The 
conditional win probabilities (Table B2) revealed a more sig-
nificant effect in unbounded conditions, with Fencer A’s win 
probability in penalty bouts at 0.832 compared to 0.864 in a 
case without penalties.

The distribution of red cards (Figure B1) remains heavily 
right-skewed, but the proportion of bouts with two or more 
red cards increases compared to the bounded model. This 
demonstrates that if bouts were to consistently run longer, 
the cumulative penalty rules would lead to a higher frequency 
of point-awarding red cards. The state dynamics (Figure B2) 
show the clear, long-term trajectory that is truncated in a real 
bout. Compared to Figure 5 with the bounded model.

Table B1: Penalty Dispersion and Descriptive Statistics Unbounded (total 29 
points). Unbounded simulations show higher average penalties than bounded 
bouts, confirming that longer exchanges increase the likelihood of penalty 
points.

Figure B1: Marginal Penalty Distribution and Timing under unbounded 
conditions (total 29 points). Extending the bout length increases the frequency 
of red cards.

Figure B2: State Dynamics and Win Probability are unbounded (not 
depending on JPMF). Under unbounded conditions, penalty state evolution 
is smoother and more pronounced, illustrating the long-term trajectory of 
escalating card risk.

Table B2: Penalty Win Probabilities Unbounded (total 29 points). The 
win probability reduction due to penalties is slightly more pronounced in 
unbounded simulations, highlighting the increasing influence of penalty 
escalation in extended bouts.
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